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Henriques de Carvalho, Edson Cáceres, Nahri Moreano, and Henrique Mongelli. I

cannot forget to express my gratitude to my mentors during my undergraduate and

Master programs back in Brazil: Jackson William Marques de Carvalho, Antônio
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ABSTRACT

MESH GENERATION FROM IMAGING DATA

Marcelo Siqueira

Jean Gallier

Digital images from computerized tomography (CT) and magnetic resonance (MR)

scanners can be used to create computer models of anatomical shapes. These models

are typically used in biomedical applications for the purpose of physical simulation

and visualization. In this thesis, we describe new algorithms for creating models from

2D and 3D binary digital images. Our models are meshes of 2D shapes represented

by 2D binary digital images, and meshes of the surface of 3D shapes represented by

3D binary digital images. More specifically, this thesis contains the following two

contributions:

First, we give an algorithm for converting constrained triangular meshes of polyg-

onal domains into constrained and strictly convex quadrilateral meshes of the same

domain. Our algorithm has linear time in the number of triangles of the input tri-

angular mesh, produces a bounded number of quadrilaterals, offers better bounds

than similar algorithms that also produce strictly convex quadrilateral meshes of

bounded size, and tends to preserve the grading of the input triangular mesh. We

also present examples to demonstrate that our algorithm can be successfully used

to create quadrilateral meshes from 2D binary digital images of anatomical shapes,

such as the human brain.

Second, we provide a new algorithm for generating simplicial surface meshes that

approximate the boundary of 3D shapes represented by 3D binary digital images.

Our algorithm is based on a simplified version of one of two known algorithms for

generating provably good quality simplicial approximations of smooth, implicit sur-

faces. Provably good quality simplicial surfaces are very desirable for visualization

purposes, and the main advantage of our algorithm is to offer this provable quality

guarantee.
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Chapter 1

Introduction

A 2D (resp. 3D) digital image is a map that assigns a real value, called color, to

each point of a finite and discrete grid of points of the Euclidean plane (resp. space).

In biomedical applications, digital images are produced by imaging devices, such

as computerized tomography (CT) and magnetic resonance (MR) scanners. These

devices measure some physical quantity at points of a continuous domain (e.g., a

human organ) represented by the points of the image grid. Image points located

in regions of the continuous domain with similar physical properties are assigned

similar colors.

Digital images from CT and MR scanners can be used to create computer models

of human anatomy for the purpose of physical simulation and visualization. Here, we

are particularly interested in creating computer models from 2D digital images for

the purpose of physical simulation, and computer models from 3D digital images for

the purpose of visualization. In both cases, our models are discrete approximations

(i.e., meshes) of the continuous domain (or of its boundary) represented by the digital

image.

A mesh is a discretization of a continuous domain into simple shapes, such as

triangles and quadrilaterals if the domain is a subset of the Euclidean plane or a

surface in the Euclidean space, and tetrahedra and hexahedra if the domain is a
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subset of the Euclidean space. In physical simulations, the accuracy of a problem’s

solution, and the efficiency with which it is obtained, are highly dependent on a

variety of mesh parameters, such as number of elements of the mesh and their shape,

size, and direction [10, 133, 47, 122]. Furthermore, the “optimal” value for each mesh

parameter also depends on the problem, and it may largely vary from problem to

problem [122].

Triangular meshes have been extensively investigated by the meshing community,

and their theoretical properties are now well understood [8]. Besides, algorithms for

generating provably good triangular meshes have been proposed and successfully

implemented [32, 116, 121, 95]. In contrast, the generation of provably good quadri-

lateral meshes is not as well understood. While a few algorithms exist to generate

quadrilateral meshes of bounded size [44, 9, 101], bounded largest angle [9], and with

directionality control [123, 137], there is no known algorithm for generating quadri-

lateral meshes that is provably guaranteed to simultaneously optimize several mesh

parameters.

Since there are applications in which quadrilateral meshes may be more desirable

than triangular ones [3, 78], provably good algorithms for producing quadrilateral

meshes are of great interest. Here, we provide a new algorithm for generating quadri-

lateral meshes of polygonal regions of the Euclidean plane. Our algorithm is based

on an indirect approach that converts a triangular mesh into a quadrilateral mesh of

the input domain. This approach relies on the premise that a provably good quality

quadrilateral mesh may be more easily generated from an existing good quality tri-

angular mesh, which can be obtained by one of the triangular meshing algorithms

in [32, 116, 121, 95].

Our quadrilateral meshing algorithm is provably guaranteed to produce a bounded

number of quadrilaterals (in terms of the number of the triangles of the input tri-

angular mesh), and this this bound is better than the ones provided by previous

algorithms that enjoy the same guarantee [44]. Another feature of our algorithm is
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that it lends itself nicely for generating quadrilateral meshes from 2D binary digital

images, which are images in which each point is assigned one of two colors only. We

used our algorithm for obtaining meshes from images of the human brain, and we

evaluated the quality of the output meshes with respect to an image registration

application [125, 113].

We also provide a new solution for the problem of generating surface meshes

from 3D binary digital images. Such surface meshes are triangulated surfaces that

approximate the boundaries of the continuous objects represented by the image.

They are very appropriate for visualization purposes, as there are several algorithms

(both in software and hardware) for fast rendering of triangles. These surface meshes

should also possess a number of important properties, which can save storage and

affect the performance and accuracy of algorithms for visualization, editing, and

animation.

For instance, the surface meshes should be adaptive, adjusting triangle size to

local curvature in order to faithfully represent a shape with a minimum number of

triangles. Keeping the number of triangles around a minimum helps to interactively

view, edit, and animate large surfaces. Surface meshes should also capture the

topology of the boundary of the object represented by the image, and its triangles

should have a good aspect ratio, i.e., they should be as close as possible to an

equilateral triangle.

Although several algorithms for generating surface meshes from 3D binary digital

images have been developed in the past years [87, 117, 139, 52, 73, 77], none of them

are provably guaranteed to generate surface meshes with all desirable properties

mentioned above. More recently, two algorithms have been developed for generating

simplicial approximations of implicitly defined surfaces [15, 26]. Both algorithms

are guaranteed to produce triangulated surfaces that enjoy the desirable properties

mentioned above.

Both algorithms in [15, 26] can also be used for generating surface meshes from
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3D binary digital images. All we have to do is to first define a smooth implicit

surface that approximates the boundary of the object represented by the image, and

then use one of the two algorithms for creating a simplicial approximation for the

implicit surface. This is precisely what our solution for the aforementioned surface

meshing problem does.

Our solution has three steps. First, we “perturb” the input image, so that it

becomes a well-composed image, i.e., a 3D binary digital image for which we can

unambiguously define a surface S ⊂ R
3 from the image map, which separates the

image points assigned to a color from the others. Second, we define an implicit

surface that has the same topology as S. Finally, we used a simplified version of the

algorithm in [26] to generate a surface mesh from the implicit surface, which also

has the same topology as S.

The main advantage of our solution is the fact that it enjoys the same properties

as the algorithm in [26]: the triangles of the output surface are guaranteed to have

good aspect ratio, the size of the triangles are adapted to the local curvature of the

surface, and the number of triangles is a constant factor of the number of triangles of

any mesh of the input surface that satisfies a certain size criterion1 (see Section 7.6.6).

The main contribution of our solution is the simplification of the algorithm in [26],

which was made possible by its first and second steps. These steps in turn can be

seen as independent contributions, as they have applications to other (un)related

problems.

This thesis is organized as follows: Chapter 2 details the problem of generating a

mesh from a 2D binary digital image. Chapter 3 describes our quadrilateral meshing

algorithm for the problem presented in Chapter 2. Chapter 4 provides details of the

problem of generating a surface mesh from a 3D binary digital image. Chapter 5

and Chapter 6 describe the first and second steps of our proposed solution for the

1This criterion does not imply that the number of triangles of the mesh is minimum or a constant

factor of the minimum.
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problem in Chapter 4, respectively. Chapter 7 introduces the algorithm in [26], and

Chapter 8 describes details of our simplification of the algorithm in [26] (i.e., the third

step of our solution). Finally, Chapter 9 summarizes our contributions and discusses

future work. We also provide two appendices. Appendix A contains some basic

concepts from point-set topology, combinatorial topology and discrete geometry,

which are often used in several chapters of this thesis. Appendix B presents some

proofs concerning the results in Chapter 3.
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Chapter 2

Meshes from 2D Images

This chapter introduces the problem of generating meshes from two-dimensional

imaging data. It also gives an overview of our solution to this problem and its main

contributions. Most of the material in this chapter are based on a book on digital

geometry by Herman [65], a survey paper by Bern and Eppstein [8], and the books

by Frey and George [47] and Edelsbrunner [39] on mesh generation and Delaunay

triangulations.

2.1 Two-Dimensional Digital Images

For any positive real number δ, we define

δZ
2 = {(δm1, δm2) ∈ R

2 | (m1,m2) ∈ Z × Z}.

Definition 2.1.1. A two-dimensional (gray-scale) digital image I : D → V is a

function from a set D ⊂ R
2 to a set V ⊆ R such that D is a translation of the set

δZ
2; that is, we can express D by the pair (O, δ),

D = {p ∈ R
2 | p = O + δ · g, g ∈ Z × Z},

where O ∈ R
2. We refer to D as the image domain or image grid, to the elements

in V as colors, to δ as the grid spacing, and to the point O as the grid origin.
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A digital image I : D → V can be viewed as a discrete sampling of a continuous

function f : U ⊂ R
2 → R at the points of D, i.e., I(p) = f(p) for all p ∈ D, and

D ⊂ U . In medical applications, digital images are produced by imaging devices,

such as computerized tomography (CT) and magnetic resonance (MR) scanners.

These devices measure some physical quantity represented by the function f at a

discrete set of points D of a continuous object, which is represented by the domain

U of f . So, the values of I in regions of the object with similar physical properties

are nearly the same.

Definition 2.1.2. A two-dimensional binary digital image is a two-dimensional dig-

ital image,

I : D → V,

in which the set V of colors is the binary set {0, 1}. We shall denote a binary image

I by the pair (D,X), where D is the grid of I and X is the set

X = {p ∈ D | I(p) = 1}.

The sets X and Xc, where

Xc = D − X = {p ∈ D | I(p) = 0}

is the complement set of X with respect to D, are commonly referred to as the fore-

ground and the background of (D,X), respectively. Since every background point is

assigned the color 0 and every foreground point is assigned the color 1, we sometimes

denote X by X1 and Xc by X0.

A binary digital image (D,X) is in general obtained from a gray-scale digital

image I ′ : D → V through segmentation or thresholding [57]. Both operations

classify each point p of D as belonging to either X0 or X1 based on the value of I ′

at p. A binary image can be viewed as a way of highlighting certain regions of a

gray-scale image, which are in general represented by the foreground. An important
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feature of digital images is that the geometry of regions of the continuous object

represented by image points with similar colors can be approximated from the colors

of the points, certain adjacency relations on grid points, and the notion of continuous

analog.

Definition 2.1.3. Let CA : D → P(R2) be the function that identifies each point

p = (p1, p2) of D with the square

[

p1 −
δ

2
, p1 +

δ

2

]

×
[

p2 −
δ

2
, p2 +

δ

2

]

,

where P(R2) denotes the power set of R
2, and δ is the grid spacing of D. We refer

to CA(p) as the continuous analog of p, or simply as the pixel of p.

We can extend the definition of continuous analog of a point to a set of points as

follows:

Definition 2.1.4. Let X be any subset of D, and let CA : P(D) → P(R2) be a

function such that

CA(X) =
⋃

p∈X

CA(p).

We refer to CA(X) as the continuous analog of the set X.

Figure 2.1 illustrates the continuous analog CA(X) of a set X = {a, b, c} con-

sisting of three points a, b, and c of a grid. We now define two important binary

relations on D:

Definition 2.1.5. Two distinct points p and q of D are said to be edge-adjacent if

CA(p) and CA(q) share an edge, or equivalently, if one of the coordinates of p and

q is the same and the other one differs by δ, where δ is the grid spacing of D. Two

distinct points p and q of D are said to be corner-adjacent if CA(p) and CA(q) share

a vertex but not an edge, or equivalently, if the same coordinates of p and q differ

by δ.
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For instance, points a and b in Figure 2.1 are edge-adjacent, while points b and

c are corner-adjacent but not edge-adjacent. The edge-adjacency relation is also

known as 4-adjacency. Another useful binary relation on D is the 8-adjacency binary

relation:

Definition 2.1.6. Two points p and q of D are said to be 8-adjacent if they are

edge- or corner-adjacent. For instance, in Figure 2.1, a and b are 4- and 8-adjacent,

and b and c are 8-adjacent but not 4-adjacent.

R
2

y

x

ba

c

Figure 2.1: Continuous analog of three grid points.

Definition 2.1.7. Let X be any subset of D. For any p and q in X, the sequence

〈x(0), . . . , x(k)〉 of points of X is said to be a ρ-path in X connecting p to q, where

ρ ∈ {4, 8}, if x(0) = p, x(k) = q, and x(i−1) is ρ-adjacent to x(i), where 1 ≤ i ≤ k.

In particular, there are ρ-paths of length zero, e.g., 〈x〉. We refer to them as trivial

paths.

Definition 2.1.8. If there is a ρ-path in X connecting p to q then we say that p is

ρ-connected in X to q.

For instance, if X is the set of points in Figure 2.1, then a is 4- and 8-connected

in X to b and c, respectively.
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Definition 2.1.9. A subset X of D is said to be a ρ-connected component if, for

any p and q in X, the element p is ρ-connected in X to q. A ρ-connected component

X of D is said to be maximal if X is not a proper subset of any other ρ-connected

component of D.

By using the aforementioned binary relations on D and the notion of connect-

edness, we can extend the definition of continuous analog to pair of points and to

sets of pairs of points, and characterize the continuous analog of the foreground of a

binary image and its boundary:

Definition 2.1.10. Let CA : D ×D → P(R2) be the function that identifies a pair

(p, q) of points of D with the intersection set CA(p) ∩ CA(q). Note that if p and q

are edge-adjacent then CA((p, q)) is precisely the edge (a line segment) shared by

CA(p) and CA(q). Likewise, we let CA : P(D × D) → P(R2) be the function such

that, for any subset Y of D × D,

CA(Y ) =
⋃

(p,q)∈Y

CA((p, q)).

Definition 2.1.11. Let X be a nonempty subset of D. Then, we define the digital

boundary bd(X) between X and Xc as

bd(X) = {(p, q) ∈ D × D | p ∈ X, q ∈ Xc, and p and q are edge-adjacent}.

Note that the continuous analog CA(bd(X)) of the digital boundary bd(X) be-

tween X and Xc is precisely the (topological) boundary of CA(X) in R
2. From now

on, we denote CA(bd(X)) by bdCA(X).

Assume that the foreground X of the binary image (D,X) is a finite set, and

let E be the set of edges corresponding to the pairs of points (p, q) of bd(X). We

can show that the edges of E , along with their vertices, form a pure one-dimensional

polytopal complex with empty boundary [76]. Furthermore, the underlying space

of this complex, i.e., bdCA(X), separates the continuous analog of the maximal
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4-connected components of X and Xc, i.e., any curve connecting a point in the

interior of the continuous analog of such a maximal component to its exterior must

cross bdCA(X) [65]. Figure 2.2 shows the continuous analog of the finite foreground

X of a binary image (D,X), and the one-dimensional polytopal complex whose

underlying space is bdCA(X).

(b)(a)

Figure 2.2: (a) Continuous analog of the (finite) foreground X of a binary image

(D,X). (b) One-dimensional polytopal complex whose underlying space is bdCA(X).

2.2 Mesh and Mesh Generation

Let Ω be a polygonal region, i.e., a closed, bounded, and connected subset of R
2,

whose boundary bd(Ω) consists of one polygon or the union of a finite number of

disjoint polygons. Figure 2.3(a) shows a polyhedral region.

Definition 2.2.1. A (two-dimensional) mesh M of Ω is a polytopal complex such

that |M| = Ω, where |M| is the underlying space of M [136]. Typically, the 2-faces

of M are either triangles or quadrilaterals, or a combination of both. We say that

M is a conforming mesh of Ω if M conforms to bd(Ω), i.e., if each vertex of bd(Ω)

is a vertex of M, and if each edge of bd(Ω) is the union of one or more edges of M.
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Figure 2.3(b) shows a mesh of the polygonal region in Figure 2.3(a). Now, we

can formally state the two-dimensional mesh generation problem: given a polygonal

region Ω, find a conforming mesh M of Ω. Henceforth, we assume that Ω is given

in terms of the vertices and edges defining the boundary of Ω, bd(Ω).

(b)(a)

Figure 2.3: (a) A polygonal region. (b) A mesh of the polygonal region in (a).

In some applications, the input for the mesh generation problem may also include

an additional set of interior vertices and edges:

Definition 2.2.2. An interior vertex is a vertex located in the interior of Ω. An

interior edge is an edge whose endpoints are either two interior vertices or an interior

vertex and a vertex of bd(Ω).

Whenever interior vertices and edges are present in the input problem, a conform-

ing mesh is a mesh that conforms to bd(Ω) and to the interior vertices and edges

as well. Note that the vertices and edges of bd(Ω), along with the interior vertices

and edges, form a one-dimensional polytopal complex whose underlying space is a

subset of Ω. Such complex is sometimes described by a planar-straight linear graph

(PSLG) [8], as shown by Figure 2.4.
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2.2.1 Mesh Constraints

In fact, the mesh generation problem as stated before is hardly of any practical

interest. The reason is that a mesh is usually built with some application in mind

(e.g., finite element analysis), and applications often require the mesh to satisfy some

mesh constraints. These constraints are specified in terms of mesh parameters, such

as size, shape, orientation, and number of mesh elements, or equivalently, of 0-, 1-,

or 2-faces of the mesh. However, optimal values for mesh parameters are highly

dependent on the application, and they may largely vary from one application to

another [122].

(b)(a)

Figure 2.4: (a) A polygonal region with interior vertices and edges. (b) A PSLG

describing the boundary of the polygonal region and the interior vertices and edges.

We can think of the optimal size of a mesh element as being specified by a spacing

function h : Ω → R+, where h(p) is a measure of the largest admissible size of any

element that contains a point p ∈ Ω. The function h depends on the geometry of Ω

and on the numerical conditions of the application using the mesh. In practice, h

can be given as an input parameter for the meshing algorithm or it can be indirectly

estimated by a process that combines error estimation and size refinement of mesh

elements [47].
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Optimal shape of a mesh element is usually defined as the largest (or sometimes

the smallest) value of some shape metric. Some meshing algorithms provide an input

parameter which is a lower bound on a shape metric. Then, they try to generate a

mesh in which all elements have “shape value” at least as large as the given lower

bound. Ideally, given a sizing function and a shape metric lower bound, a meshing

algorithm should try to generate a smallest possible mesh satisfying the size and

shape constraints. By smallest, we mean a mesh with the smallest number of mesh

elements.

2.3 Meshes from Images

Let (D,X) be a two-dimensional binary image. From now on, we assume that X

is a nonempty and finite subset of D, and that the image domain D is also a finite

orthogonal grid, i.e.,

D = {p = (p1, p2) ∈ R
2 | p = O + δ · g},

where O = (o1, o2) ∈ R
2, δ ∈ R, and g = (g1, g2) ∈ {0, n1} × {0, n2}, for some

positive integers n1 and n2. We also assume that if p = (p1, p2) ∈ X, then pi 6= oi

and pi 6= oi + δ · ni, for all i ∈ {1, 2}. The latter assumption ensures that bdCA(X)

is still well-defined; that is, the grid D contains all points in the pairs of points of

bd(X).

Let Ω be the convex hull conv(D) of D. From our previous assumptions, we

know that Ω is a rectangle and that bdCA(X) is in the interior of Ω. Now, we

can state the problem of generating a mesh from a two-dimensional binary image

as follows: Given a two-dimensional binary image (D,X) (satisfying our previous

assumptions), obtain a mesh M of Ω = conv(D) such that M conforms to bd(Ω)

and to the common edges (along with their vertices) of the pixels CA(p) and CA(q),

for every (p, q) in bd(X).
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As we have seen before, the common edges (along with their vertices) of the pixels

CA(p) and CA(q), for every (p, q) in bd(X), form a pure one-dimensional polytopal

complex C with empty boundary, whose underlying space is precisely bdCA(X). The

edges and vertices of C can be viewed as interior edges and vertices in the statement

of the meshing problem in Section 2.2. If we augment C to include the vertices and

edges of the rectangle Ω, we can represent the input of our problem by only one pure

one-dimensional polytopal complex with empty boundary, as shown in the example

in Figure 2.5.

Here, when discussing the problem of generating a mesh from a two-dimensional

binary image, we use the sentence “a mesh that conforms to bdCA(X)” to mean

a mesh that conforms to the complex C described above whose underlying space is

bdCA(X). Also, we are often interested in a constrained version of the problem,

which takes into account mesh constraints such as element shape and size, and

number of elements.

2.4 Our Solution and Its Contributions

There is a trivial solution for the problem presented in the previous section: Let the

mesh M be the set of pixels of all points of D along with their edges and vertices.

This trivial solution has two serious drawbacks. First, the number of quadrilaterals

(i.e., pixels) is in general unnecessarily large. The reason is that the pixels have the

same size. This problem can be solved by using a mesh in which elements may differ

in size.

Second, the mesh M conforms to bdCA(X). Although this is a requirement of

the problem, it has been observed that meshes that conform to bdCA(X) lead to

finite element solutions that are less accurate than those obtained from meshes that

conform to “smoother” approximations of bdCA(X) [69, 70]. This is mainly due to

the fact that the geometry of bdCA(X) is characterized by abrupt transitions and
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right angles. So, it is often the case that the input for the meshing algorithm is a

modified complex, which is defined from an approximation to bdCA(X), rather than

bdCA(X) itself.

Given a polytopal complex C describing the boundary of an arbitrary polygonal

region Ω and an additional set of interior vertices and edges, there are several known

algorithms that can generate a triangular mesh from C [47]. Some of them are also

guaranteed to generate meshes in which all triangles are well-shaped [32, 116, 121,

95], i.e., triangles with no small angle, except for triangles containing small input

angles and possibly triangles close to small input angles. An input angle is an angle

defined by the edges of C.

(a) (b)

Figure 2.5: (a) Image grid and the continuous analog of the foreground pixels. (b)

Polytopal complex describing the input for the meshing problem corresponding to

the image in (a).

Besides being able to produce well-shaped triangles, some of these algorithms [116,

121, 95] produce meshes that are both size nearly-optimal and nicely graded. By size

nearly-optimal, we mean that, for a given lower bound on the smallest angle, the

algorithm produces a mesh whose number of triangles is at most a constant factor

larger than the number of triangles of any triangular mesh that meets the same angle

bound. Furthermore, the constant does not depend on the input complex, but on
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the angle bound. By nicely graded, we mean that triangle sizes vary quickly over

short distances and that they are adapted to the local geometric details of the mesh

domain.

Despite the existence of meshing algorithms for generating triangular meshes

with provably good quality guarantees, there are applications in which quadrilateral

meshes may be more desirable than triangular ones. For instance, scattered data in-

terpolation and approximation [78] and finite element analysis [3, 90]. Unfortunately,

little is known about theoretical properties for generating quadrilateral meshes with

provably good quality guarantees. A few algorithms exist to generate quadrilateral

meshes of bounded size [44, 101, 9, 112, 17], bounded largest angle [9], and controlled

grading and directionality [12, 123, 137].

The algorithm in [112] may generate non-convex quadrilaterals, which makes it

unsuitable for various applications, including the finite element-based ones. Also, the

theoretical guarantees of some of these algorithms are only valid to convex polygonal

domains [101] or very small simple polygons [17]. Finally, to our best knowledge,

there are no known algorithms to generate quadrilateral meshes from a given arbi-

trary complex that are provably guaranteed to simultaneously meet shape and size

quality criteria.

In Chapter 3, we provide a new algorithm for converting triangular meshes of

pure one-dimensional polytopal complexes with empty boundary into quadrilateral

meshes of the same complex [114]. Our algorithm is guaranteed to produce a bounded

number of quadrilaterals with respect to the number of triangles of the input trian-

gular mesh and the number of connected components of its dual graph. This bound

is tighter than previous known bounds for a similar algorithm [44]. Although our

algorithm does not ensure that the output quadrilaterals are “well-shaped”, they are

all strictly convex, i.e., each internal angle is greater than 0o and smaller than 180o.

Some of our experiments show that quadrilateral shape can be further improved by

standard post-processing techniques.
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We used our algorithm for generating quadrilateral meshes from two-dimensional

images of the human brain. We ran an experiment in which a finite element based

algorithm for image registration ([53]) was given meshes generated by our algorithm

and their triangular counterparts. We then compared the accuracy of the registration

based on our quadrilateral meshes with the one based on their triangular counter-

parts. Although the triangular meshes were generated by provably good triangular

meshing algorithms, the quadrilateral meshes provided slightly inferior results (see

[125, 113]).
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Chapter 3

Quadrilateral Meshes of Bounded

Size

This chapter describes a new algorithm for converting a triangular mesh of a polyg-

onal region into a quadrilateral mesh of the same region. The polygonal region may

contain interior vertices and edges. We apply our algorithm to the problem of gen-

erating meshes from a two-dimensional binary image, and we provide examples of

its use on real data.

3.1 Background and Related Work

Throughout this chapter, we let Ω denote a polygonal region. We refer to the vertices

and edges of bd(Ω) as vertices and edges of Ω. Recall that bd(Ω) consists of 1 + k

disjoint polygonal curves, with k ≥ 0. Whenever k > 0, we say that Ω is a polygonal

region with k holes.

The problem of generating a quadrilateral mesh of a polygonal region Ω is more

complex than that of producing a triangular mesh. In fact, if we require the set

of vertices of the mesh to be the set of vertices of Ω, then a triangular mesh can

always be obtained but it may not be possible to obtain a quadrilateral one. Hence,
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additional vertices, called Steiner points, may be necessary in order to quadrangulate

Ω.

More specifically, if bd(Ω) is a simple convex polygon and no interior vertex and

edge is given, then a quadrilateral mesh of Ω with no Steiner points can be obtained

if and only if the number of vertices of Ω is even [126]. If bd(Ω) is not convex, then Ω

may require Steiner points in order to be quadrangulated. Furthermore, Lubiw [88]

has shown that, if Ω is a polygonal region with k holes, where k > 0, the problem of

deciding whether Ω can be decomposed into convex quadrilaterals, without adding

Steiner points, is NP-complete.

As we pointed out in Section 2.4, in practice, we are often required to generate

strictly convex quadrilateral meshes of bounded size and whose quadrilaterals are

well-shaped. However, unlike the case of triangular meshes, very little is known

about theoretical properties to generate provably good quality quadrilateral meshes.

These facts have led several researchers to adopt an indirect approach to produce

quadrilateral meshes [107]: the input domain is first triangulated and then the tri-

angular mesh is converted into a quadrilateral one [44, 72, 112, 123, 106, 137]. This

approach relies on the premise that a good quality quadrilateral mesh may be more

easily generated from an existing good quality triangular mesh of the same input

domain.

Let T be a triangular mesh of a polygonal region Ω. A very simple algorithm

for converting such a triangular mesh into a strictly convex quadrilateral mesh was

proposed by de Berg [44]: place a Steiner point in the interior of each edge and each

triangle of the triangular mesh, and then connect the Steiner point in the interior of

each triangle to the three Steiner points on its edges. Fig. 3.1 illustrates de Berg’s

algorithm. If the Steiner points are placed carefully, it is always possible to obtain

a strictly convex quadrilateral mesh. If t is the number of triangles of T , then de

Berg’s algorithm runs in O(t) time, produces 3t quadrilaterals, and inserts exactly

5m + 5k − 5 − 2mb Steiner points, where m is the number of vertices of T , k is
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the number of holes of Ω, and mb is the number of vertices of T on bd(Ω). This

algorithm, however, is not practical, as it produces too many quadrilaterals on a

large input triangular mesh.

Figure 3.1: Example of de Berg’s algorithm.

Everett, Lenhart, Overmars, Shermer and Urrutia [44] introduced another linear

time algorithm to convert triangular meshes into strictly convex quadrilateral ones.

Their algorithm also inserts a Steiner point in the interior of each edge of the tri-

angular mesh, but only some of the mesh triangles contain Steiner points in their

interiors. This algorithm generates at most b8t
3
c quadrilaterals and uses the same

number of Steiner points as de Berg’s. However, the number of output quadrilaterals

may still be prohibitive in practice. An interesting feature of this algorithm, which

is also present in de Berg’s algorithm, is the preservation of the size grading of the

triangular mesh.

Ramaswami, Ramos and Toussaint [112] presented a linear time and space al-

gorithm to convert triangular meshes into quadrilateral ones that considerably im-

proves upon the bounds on mesh size provided by the two previous algorithms.

However, the quadrilateral meshes are not necessarily convex. Johnston, Sullivan,

and Kwasnik [72] also apply the indirect approach to give an algorithm that uses

several heuristics to obtain a strictly convex quadrilateral mesh from a triangular

mesh. Their algorithm runs in O(t2) time, and selectively combines adjacent trian-

gles to obtain quadrilaterals. However, it is not clear from the description of the
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algorithm in [72] that the heuristic procedures are always successful in producing a

mesh consisting of quadrilaterals only.

Shimada, Liao and Itoh [123] proposed an algorithm for generating quadrilateral

meshes that takes into account mesh directionality and grading, and quadrilateral

shape. First, the problem domain is filled with square cells whose size is controlled

by a user-defined, sizing function. Next, the orientation of each cell is adjusted by

a physically-based relaxation process and a user-defined vector field that specifies

directionality over the problem domain. Then, mesh vertices are placed at the cen-

ter of every cell and connected to generate a triangular mesh of the entire domain.

Finally, the triangular mesh is converted into a strictly convex quadrilateral mesh.

Later, Viswanath, Shimada and Itoh [137] modified the algorithm in [123] by us-

ing rectangular cells, rather than square cells, to generate anisotropic quadrilateral

meshes [47].

Owen, Staten, Cannan, and Saigal [106] presented another quadrilateral meshing

algorithm that takes into account directionality and element shape, and it also pre-

serves mesh grading. It converts a triangular mesh into a strictly convex quadrilateral

one using advancing fronts initially defined by the boundary edges of the input mesh.

Quadrilaterals are generated by combining and transforming triangles as the fronts

move from the boundary to the interior of the input mesh. Local smoothing and

topological improvements, commonly performed as post-processing steps, are part of

the conversion process. One limitation of this method is that directionality cannot

be arbitrarily specified as in [123, 137]. Although the algorithms in [106, 123, 137]

do not provide any provable bounds on mesh size or mesh element shape, they have

successfully been used in practice to generate good quality quadrilateral meshes of

several complex domains.

Our quadrilateral meshing algorithm improves upon the bounds on mesh size

provided by the algorithms of de Berg and Everett, Lenhart, Overmars, Shermer and

Urrutia [44]. This improvement makes it possible to use our algorithm in practical
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applications (e.g., see [125, 114]). Our algorithm is also simpler, and very likely faster,

than the algorithms in [106, 123, 137]. Furthermore, our algorithm can also deal with

triangular meshes of polygonal domains with interior vertices and edges, which has

not been reported to be possible by the algorithms in [106, 123, 137]. On the other

hand, algorithms in [106, 123, 137] are more likely to generate quadrilateral meshes

in which overall element shape is better for finite element analysis than the overall

element shape in the quadrilateral meshes generated by our algorithm. Fortunately,

we can further improve the overall shape of the quadrilaterals generated by our

algorithm, at the expense of runtime, by using standard post-processing techniques,

as we shall see later.

3.2 Unconstrained Quadrilateral Meshes

For the sake of clarity, we split the description of our algorithm into two parts. In

this section, we present an algorithm for converting a triangular mesh of a polygonal

region without interior vertices and edges into a quadrilateral mesh. We refer to such

a triangular (resp. quadrilateral) mesh as an unconstrained triangular (resp. quadri-

lateral) mesh. In the next section, we extend our algorithm to converting triangular

meshes of polygonal regions with interior vertices and edges into quadrilateral ones.

Likewise, we refer to these meshes as constrained triangular (resp. quadrilateral)

meshes.

Our algorithm for handling unconstrained triangular meshes allows edges of the

triangular mesh to be deleted, but not vertices. To construct the quadrilateral mesh,

new vertices (i.e., Steiner points) may be inserted along with new edges between

Steiner points and/or vertices of the input triangular mesh. We show that the mesh

produced by our algorithm has small, bounded size and it consists of strictly convex

quadrilaterals only. In particular, we show that if the input triangular mesh has t

triangles, then our algorithm produces a strictly convex quadrilateral mesh with at
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most b3t
2
c+2 quadrilaterals and it adds at most t+2 Steiner points into the resulting

mesh.

3.2.1 The Algorithm

The strategy used by our algorithm is to quadrangulate a small triangulated region

of the input triangular mesh at a time until the entire input mesh is converted into

a quadrilateral one. The domain of each such a triangulated region is a small and

simple polygonal region (one with 7 or fewer vertices and no holes). Our algorithm

builds a spanning tree of the dual graph of the entire triangular mesh, and uses

a procedure to traverse and prune this spanning tree in a bottom-up fashion, to

systematically groups triangles together in order to define and quadrangulate the

small regions.

Let T be the input (unconstrained) triangular mesh of a polygonal region Ω, and

let t be the number of triangles of T . Our algorithm starts by building a rooted

spanning tree T of the dual graph G of T .

Definition 3.2.1. The dual graph of T is the graph that contains a node for every

triangle of T and an edge between two nodes if and only if the corresponding triangles

share an edge.

Figure 3.2(b) shows the dual graph of a triangular mesh of the polygonal region

shown in Figure 3.2(a). A rooted spanning tree T of G is built as a breadth-first

search (BFS) tree. The root of T is any node corresponding to a triangle containing

a boundary edge of T . Since every node of G can have degree at most 3, we have

that T is a binary tree. Figure 3.2(c) shows such a spanning tree.

After constructing T , the algorithm builds the set Vl of all nodes of T at level

l, for every l ∈ {0, 1, . . . , d}, where d is the depth of T . The root node of T is the

singleton node at level 0. Next, the algorithm visits the nodes of T one level at a time

and in decreasing order of depth by processing the sets Vd, Vd−1, . . . , V0 in this order.
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Let par(v) denotes the parent of v ∈ V , sib(v) the sibling of v, and ele(v) the triangle

of T corresponding to v. Note that ele(v) and ele(par(v)) necessarily share an edge

of T . When visiting a node v ∈ Vl ,1 < l ≤ d, the algorithm considers the subtree

rooted at either par(v) or par(par(v)) (the nodes of V0 and V1 are handled separately

at the end of the algorithm). We denote this subtree by Tv and its root by rv. Let

Gv denote the subgraph of G induced by Tv. As we shall see later, the subgraph

Gv corresponds to a triangulated polygonal region Tv of T consisting of 4, 5, 6, or 7

vertices. Our algorithm converts Tv into a partial or complete quadrilateral mesh of

the domain of Tv.

Root

(a) (c)(b)

Figure 3.2: (a) A polygonal region Ω. (b) A triangular mesh of Ω and its dual graph.

Vertices of the dual graph are marked white, and its edges are shown as dotted lines.

(c) A rooted (BFS) spanning tree for the dual graph in (b).

During the conversion of Tv into a partial or complete quadrilateral mesh of its

domain, Steiner points may be added to the interior and boundary of Tv. If the

result is a complete quadrilateral mesh of the domain of Tv, the entire subtree Tv is

eliminated from T . If the quadrilateral mesh is not complete, there will be only one

leftover triangle inside the domain of Tv. The root node rv of Tv now represents this

triangle and the remaining nodes of Tv are eliminated from T . Figure 3.3 illustrates

both cases for a triangulated polygonal region Tv of T consisting of 5 vertices on the

boundary.
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After converting Tv into a partial or complete quadrilateral mesh, the node v is

eliminated from T and Vl. Other nodes of Tv may or may not be eliminated from T

and Vl ∪ Vl−1 ∪ Vl−2. In either case, we show that all nodes of Vl are eliminated from

T and Vl by algorithm, and hence the depth of T decreases by at least one. As a

result, when the nodes of Vl−1 are visited during the next step of the algorithm, they

are all leaf nodes of (the pruned) T . The sets V0 and V1 are handled in a similar

way as special cases in the last step, so that after they are processed, the spanning

tree T is empty and the triangular mesh T has been converted into a strictly convex

quadrilateral mesh. We will show that, except at the last step, for every two nodes

eliminated from T , at most three quadrilaterals are created by using at most two

Steiner points.

(a)

rv = par(par(v)) ele(rv)
ele(par(v))

v

par(v) e

s

Tv

ele(v)

ele(sib(v))rv = par(v)

Tv

ele(v)

ele(rv)
Tv

sib(v)

ele(rv)

v

(b)

Tv

Figure 3.3: (a) Complete quadrilateral mesh of the domain of Tv. (b) Partial quadri-

lateral mesh of the domain of Tv.

Our algorithm has five steps. For each l = d, d−1, . . . , 2, the algorithm repeatedly

executes steps 1 to 4, in this order. The last step, step 5, is executed only once to

process the sets V1 and V0, unless these sets are already empty after the algorithm
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processes sets Vd, Vd−1, . . . , V2. Before describing the five steps, we discuss two special

situations:

1. When processing Tv, the algorithm may place a Steiner point s on the edge e

between ele(rv) and ele(par(rv)), as shown in Fig. 3.3(a). If so, the triangle

ele(par(rv)) becomes a degenerate quadrilateral. Furthermore, this degenerate

quadrilateral ele(par(rv)) may further become a degenerate pentagon if the

algorithm happens to add another Steiner point to it on the edge shared with

ele(sib(rv)) (see Figure 3.4).

(b)

ele(par(rv))

(a)

par(rv)

s
e

ele(par(rv))

s2

s1

par(rv)

Figure 3.4: (a) Degenerate quadrilateral. (b) Degenerate pentagon.

Since Tv gets eliminated from T when a Steiner point is placed on the common

edge e of rv and par(rv), degenerate pentagons are leaves of T , and degenerate

quadrilaterals are either leaves or internal nodes of degree 2. Furthermore,

since all quadrilaterals in the mesh constructed so far are strictly convex, there

must be an edge of the quadrilateral mesh incident on s and lying outside

ele(par(rv)). We can slightly perturb s along this edge to eliminate the degen-

eracy of ele(par(rv)) without destroying the strict convexity of other quadri-

laterals incident to s (see Figure 3.5(a)). We describe later how our algorithm

handles degenerate pentagons.

2. When Tv is a subtree of three nodes, v, rv = par(v) and sib(v), containing v

and there is a cross-edge between v and sib(v) in Gv, the triangulated polygonal
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region Tv has three vertices of T on its boundary and a vertex of T in its interior

(see Figure 3.6). In this case, the algorithm eliminates v and sib(v) from T ,

so that par(v) now represents the non-empty triangle ∆ with an interior point

(see Figure 3.6). Note that if v is at level l, then the node corresponding to ∆

is a leaf at level l − 1.

(b)(a)

s1

s2 s2

s1

∆

ele(par(rv))

s
e

s

ele(par(rv))

Figure 3.5: Elimination of degenerate quadrilaterals and pentagons.

sib(v)
ele(sib(v))

par(v) ele(v)

Tv
ele(par(v))Tv

∆

v

Figure 3.6: The non-empty triangle ∆.

We now describe the steps taken by our algorithm to process the set Vl (1 < l ≤
d), where l is the current deepest level of T . We first eliminate all leaves v of T

such that ele(v) is a degenerate quadrilateral, degenerate pentagon, or a non-empty

triangle. The first two types of leaves will exist only at levels l, l − 1, or l − 2,

and the third type will exist only at level l, as each node u of level l + 1 processed

during the previous step had Tu rooted at either par(u) or par(par(u)). During the

course of our description, we refer to several lemmas concerning quadrilateral meshes
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of small polygonal regions without holes. These lemmas are stated and proved in

Appendix B.

Let l be the deepest level of T , and let v be a node (leaf) of T at level l. When

visiting v, our algorithm considers the subtree Tv of T rooted at either par(v) or

par(par(v)). Since the spanning tree T is a result of a breadth-first search (BFS)

on the dual graph G of T , the subtree Tv rooted at par(v) must be one of sub-

trees (1) and (2) shown in Figure 3.7 (up to isomorphism), while the subtree Tv

rooted at par(par(v)) must be one of subtrees (3) to (10) shown in Figure 3.7 (up

to isomorphism).

v

par(par(v))

par(v)

par(par(v))

par(v)

v

(1)

(9)(8)(7)(6)
v

par(v)

v v v

par(par(v)) par(par(v)) par(par(v)) par(par(v))

par(v) par(v) par(v)

(2) (3) (4) (5)

par(par(v))

v

par(v)

par(v)

v v

par(par(v))

par(v)

(10)

v

par(v)

Figure 3.7: All possibilities for a subtree Tv of T rooted at par(v) or par(par(v)),

where v is a leaf of T at its deepest level.

Let l be the current deepest level of T , and assume that l ≥ 2. Step 1 eliminates

all leaves v from T such that v is in v ∈ Vl ∪ Vl−1 ∪ Vl−2 and ele(v) is a degenerate

quadrilateral. Likewise, step 2 eliminates all leaves v from T such that v is in
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v ∈ Vl ∪ Vl−1 ∪ Vl−2 and ele(v) is a degenerate pentagon. Both steps are described

in details below:

Step 1. Eliminate all v ∈ Vl ∪ Vl−1 ∪ Vl−2 such that v is a leaf and ele(v) is a

degenerate quadrilateral. Let s be the Steiner point of ele(v), and let es be the

edge of the quadrilateral mesh (constructed thus far) incident on s. Convert

ele(v) into a strictly convex quadrilateral by perturbing s along the edge es,

as shown in Figure 3.5(a). Remove v from T and from Vl ∪ Vl−1 ∪ Vl−2.

Step 2. Eliminate all v ∈ Vl ∪ Vl−1 ∪ Vl−2 such that ele(v) is a degenerate

pentagon. Let s1 and s2 be the two Steiner points of ele(v) and let e be the

shared edge of ele(v) and ele(par(v)). It is straightforward to convert ele(v)

into a strictly convex quadrilateral and a leftover triangle ∆, as shown in

Figure 3.5(b). Now, the node v represents the leftover triangle, i.e., ele(v) = ∆.

After steps 1 and 2 are carried out, every element v of Vl must correspond to

either a triangle or a non-empty triangle, and par(v) ∈ Vl−1 must be either a triangle

or a degenerate quadrilateral. The next step eliminates all nodes v from Vl such that

ele(v) is a non-empty triangle. Assume that v ∈ Vl corresponds to a non-empty

triangle and consider the subtree Tv containing v and rooted at par(v). Up to

isomorphism, the subtree Tv must be one of subtrees (1) and (2) in Figure 3.7. If

Tv is isomorphic to subtree (1), then par(v) is either a triangle or a degenerate

quadrilateral. If Tv is isomorphic to subtree (2), then par(v) is a triangle and sib(v),

the sibling of v, is either a triangle or a non-empty triangle. So, there are four cases

to be considered (cases 3(a)-(d) below) in order to eliminate v from Vl when ele(v)

is a non-empty triangle.

Step 3. Eliminate all v ∈ Vl such that ele(v) is a non-empty triangle. Note

that v corresponds to three nodes of the original spanning tree T . Let Tv be

the subtree of T rooted at par(v). We consider the following sub-steps (refer

to Figure 3.8 and Figure 3.9):
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Case 3(a). Node par(v) has degree 2, and ele(par(v)) is a degenerate quadri-

lateral. Let s be the Steiner point of ele(par(v)). By connecting s to the node

of ele(par(v)) that is not incident to the edge of ele(par(v)) containing s, the

triangulated region Tv can be decomposed into a triangle ∆ and a quadrilateral

with a point in its interior (see Figure 3.8(a)). By Lemma B.1.2, the latter

can be quadrangulated into five convex quads with three Steiner points in its

interior. Carry out the appropriate decomposition and then remove v from T

and Vl. Node par(v) now corresponds to the triangle ∆.

Case 3(b). Node par(v) has degree 2, and ele(par(v)) is a triangle. Note that

the domain of Tv is a quadrilateral and this quadrilateral contains a vertex of

Tv in its interior (see Figure 3.8(b)). Again, by Lemma B.1.2, the region can

be quadrangulated into five convex quadrilaterals with three Steiner points in

its interior. Carry out this decomposition and then remove v and par(v) from

T and from their corresponding node sets.

(b)

ele(par(v))

par(v)

v

Degenerate quad

Non-empty triangle

(a)

ele(par(v))
ele(v)

∆
par(v)

v s

ele(v)

Figure 3.8: Cases 3(a) and 3(b) of Step 3.

Case 3(c). Node par(v) has degree 3, and ele(sib(v)) is a triangle. If Gv = Tv,

then the domain of Tv is a pentagon and this pentagon contains a vertex of Tv

in its interior (see Figure 3.9(a)). Then by Lemma B.2.2, this region can be
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decomposed into at most six convex quads and one triangle ∆ by adding at

most four Steiner points to its interior. If Gv contains a cross-edge between v

and sib(v), then ele(v) and ele(sib(v)) form a quadrilateral with a point inside

(see Figure 3.9(a)), and again Lemma B.1.2 is applied. In either case, carry

out the appropriate decomposition and then remove v and sib(v) from T and

from their corresponding node sets. In the former case, the vertex rv is made

correspond to triangle ∆.

(b)

par(v)

sib(v)v
ele(par(v))

ele(v)

ele(sib(v))ele(par(v)) ele(par(v))

ele(v)

ele(sib(v))

par(v)

v sib(v)
ele(par(v))

ele(sib(v))

Non-empty triangle

(a)

ele(sib(v))

Figure 3.9: Cases 3(c) and 3(d) of Step 3.

Case 3(d). Node par(v) has degree 3, and ele(sib(v)) is a non-empty triangle.

If Gv = Tv, then the domain of Tv is a pentagon and this pentagon contains

two vertices of Tv in its interior. If Gv 6= Tv, i.e., if Gv contains a cross-edge

between v and sib(v), then the domain of Tv is a triangle and this triangle

contains three vertices of Tv in its interior. In either case, the triangulated

region Tv can be decomposed into two quadrilaterals as follows: add a Steiner

point on the edge shared by ele(rv) and ele(par(rv)) and connect it to the vertex

of ele(rv) that is not incident to the edge shared by ele(rv) and ele(par(rv))

(see Figure 3.9(b)). By Lemma B.1.2, each quadrilateral can be decomposed

32



into five convex quadrilaterals using three Steiner points. Next, remove all

nodes of Tv from T and from their corresponding node sets. So, a total of

seven nodes were eliminated and ten convex quadrilaterals were created using

seven Steiner points. Note that ele(par(rv)) will be a degenerate quadrilateral

or pentagon in the next step of the algorithm.

After steps 1, 2 and 3 are carried out, for every node v ∈ Vl, its corresponding

element ele(v) in T is a triangle, and the corresponding element ele(par(v)) of its

parent par(v) ∈ Vl−1 (if any) is either a triangle or a degenerate quadrilateral. The

algorithm proceeds by performing two more steps: step 4 and step 5. These steps

eliminate all remaining nodes of Vl. Step 4 is carried out if and only if l ≥ 3, i.e., if

and only if the spanning tree T is currently a tree with at least three levels. In the

remaining description of our algorithm, assume that l ≥ 3 after steps 1, 2, and 3 are

carried out.

Let v be any node of Vl. If par(v) exists, then consider the subtree Tv containing

v and rooted at par(v). Up to isomorphism, the subtree Tv must be one of subtrees

(1) and (2) in Figure 3.7. If Tv is isomorphic to subtree (1), then ele(par(v)) is

either a triangle or a degenerate quadrilateral. If Tv is isomorphic to subtree (2), or

equivalently, if par(v) has degree 3, then par(v) is a triangle and sib(v), the sibling of

v, must be a triangle, as no vertex in Vl can correspond to a non-empty triangle. Our

algorithm considers Tv if and only if Tv is isomorphic to subtree (1) and ele(par(v)) is

a degenerate quadrilateral (step 4(a)), or Tv is isomorphic to subtree (2) (step 4(b)).

Whenever Tv is isomorphic to subtree (1) and ele(par(v)) is a triangle, the algorithm

considers the subtree Tv containing v and rooted at par(par(v)) (step 4(c)). Up to

isomorphism, the subtree Tv rooted at par(par(v)) is one of subtrees (3), (4), (5),

and (10) in Figure 3.7.

Step 4. Eliminate all remaining nodes v ∈ Vl. We split this step into three

cases, 4(a), 4(b), and 4(c), each of which corresponds to a distinct subtree in

Figure 3.7.

33



Case 4(a): Eliminate all v ∈ Vl such that ele(par(v)) is a degenerate quadri-

lateral. Let Tv be the subtree of T rooted at rv = par(v). Perturb the Steiner

point s of ele(rv) along the edge incident to it. A Steiner point s′ placed in

ele(rv) decomposes the region Tv into two convex quadrilaterals and a triangle

∆ adjacent to the edge shared by ele(rv) and ele(par(rv)) (see Figure 3.10(a)).

Remove v from T and Vl, and let rv now represent triangle ∆.

(b)

ele(par(v))

s

ele(v)

∆

s′

ele(v)

ele(par(v))

s

Degenerate quad(a)

par(v)

v

ele(v)
ele(sib(v))

ele(par(v))

ele(sib(v))

ele(par(v))

ele(v)

sib(v)

par(v)

v

Figure 3.10: Cases 4(a) and 4(b) of Step 4.

Case 4(b). Eliminate all v ∈ Vl such that par(v) is a node of degree 3. Again,

let Tv be the subtree of T rooted at rv = par(v) and refer to Figure 3.10(b). If

Gv contains an edge between the nodes v and sib(v), remove v and sib(v) from

Tv. Node par(v) is now the non-empty triangle corresponding to the boundary

of Tv, with the fourth vertex of Tv in the interior of its domain (see Figure 3.6).

If there is no cross-edge between v and sib(v), then by Lemma B.2.1, the

domain of Tv can be subdivided into two convex quadrilaterals and one triangle

∆ (adjacent to the edge shared by ele(rv) and ele(par(rv))) by adding one

Steiner point. Carry out the appropriate decomposition and then remove v
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and sib(v) from T and the corresponding node sets. Node rv now represents

triangle ∆.

If ele(par(v)) is not a degenerate quadrilateral and par(v) is not a node of degree

3, the algorithm considers the subtree Tv containing v and rooted at par(par(v)).

As we mentioned before, up to isomorphism, the subtree Tv rooted at par(par(v))

is one of subtrees (3), (4), (5), and (10) in Figure 3.7. However, if we execute steps

4(a) and 4(b) for all vertices v of Vl before we consider step 4(c), no subtree Tv can

be isomorphic to subtree (10) in Figure 3.7. This is because after steps 4(a) and 4(b)

are executed for all v ∈ Vl, no v will have a parent, par(v), of degree 3. For the very

same reason, Tv cannot be isomorphic to subtrees (6), (7), (8) and (9) either. So, we

can focus our attention on the cases in which Tv is isomorphic to the subtrees (3),

(4), and (5) only.

If Tv is isomorphic to subtree (3), or equivalently, if node par(v) has degree 2,

then par(par(v)) can be either a triangle or a degenerate quadrilateral. If Tv is

isomorphic to subtree (4), or equivalently, if node par(par(v)) has degree 3 and node

sib(par(v)), the sibling of par(v), is a leaf of Tv, then sib(par(v)) is either a triangle

or a non-empty triangle previously created by step 4(b). If Tv is not isomorphic to

subtree (3) nor subtree (4), then it is isomorphic to subtree (5), or equivalently, if

par(par(v)) has degree 3 and node sib(par(v)) has degree 3. All cases are handled

by step 4(c) below:

Case 4(c). Eliminate all v ∈ Vl such that par(v) is a node of degree 2. Let Tv be

the subtree of T rooted at rv = par(v). If the domain of Tv is already a strictly

convex quadrilateral, simply eliminate the common edge shared by ele(v) and

ele(par(v)), and then remove v and par(v) from T and their corresponding

node sets. Otherwise, let Tv be the subtree of T rooted at rv = par(par(v))

and consider the following five sub-cases:

Sub-Case 4(c)(i). Element ele(rv) is a degenerate quadrilateral. Since T is a
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BFS tree, we have that Gv = Tv. Perturb the Steiner point of ele(rv) along

the edge incident to it so that the domain of Tv is now a hexagon (see Fig-

ure 3.11(a)). By Lemma B.1.1, this region can be subdivided into at most

four convex quadrilaterals by using at most three Steiner points in its interior.

Carry out this decomposition and then eliminate all the nodes of Tv from T

and from their corresponding node sets.

(b)

v

par(v)

ele(rv)
ele(par(v))

rv

ele(v)
v

par(v)

rv

ele(rv)
ele(par(v))

ele(v)

Degenerate quad(a)

Figure 3.11: Sub-cases 4(c)(i) and 4(c)(ii) of step 4(c).

Sub-Case 4(c)(ii). Node rv has degree 2 and ele(rv) is a triangle. Once again

Gv = Tv for this case. Therefore, the domain of Tv is a pentagon (see Fig-

ure 3.11(b)). Apply Lemma B.2.1. The common edge of ele(rv) and ele(par(rv))

is designated as the “outgoing” edge. There are two possible outcomes from

applying Lemma B.2.1. First, the domain of Tv is subdivided into three con-

vex quadrilaterals and one triangle ∆ adjacent to the outgoing edge by using

two Steiner points. Second, the domain of Tv is subdivided into four convex

quadrilaterals by using three Steiner points, one of which lies on the outgo-

ing edge. In the first situation, remove v and par(v) from T and from their

corresponding node sets, and let rv now represent triangle ∆. In the second
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situation, remove all nodes of Tv from T and from their corresponding node

sets. Note that triangle ele(par(rv)) becomes a degenerate quadrilateral or a

pentagon.

Sub-Case 4(c)(iii). Node rv has degree 3, node sib(par(v)) is a leaf, and ele-

ment ele(sib(par(v))) is a triangle. If Gv = Tv, the domain of Tv is a hexagon.

Otherwise, the domain of Tv is a quadrilateral that contains a vertex of Tv in

its interior (see Figure 3.12). In the former case, carry out the decomposi-

tion from Lemma B.1.1. In the latter case, carry out the decomposition from

Lemma B.1.2. In either case, remove all nodes of Tv from T and from their

corresponding node sets.

v

ele(rv)

ele(v)

ele(rv)

ele(v) ele(v)

ele(rv)

Gv = Tv Gv 6= Tv

rv rv rv

vv

Figure 3.12: Sub-case 4(c)(iii) of step 4c (dashed edges are cross-edges).

Sub-Case 4(c)(iv). Node rv has degree 3, node sib(par(v)) is a leaf, and element

ele(sib(par(v))) is a non-empty triangle. Note that such a non-empty triangle

must have been created in Step 4(b). Refer to Figure 3.13. If Gv = Tv, the

domain of Tv is a hexagon with a point in its interior. Otherwise, the domain

of Tv is a quadrilateral that contains two vertices of Tv in its interior. In both

cases, consider the triangulated pentagon P defined by ele(v), ele(par(v)),

and ele(rv). Apply Lemma B.2.1 to P , where the shared edge of ele(rv) and

ele(sib(par(v))) is designated as the “outgoing” edge. If there is a leftover

triangle ∆, this triangle and ele(sib(par(v))) form a triangulated quadrilateral
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with a vertex of Tv in its interior. Otherwise, a Steiner point has been placed

on the edge shared by ele(rv) and ele(sib(par(v))). In either case, the element

ele(sib(par(v))) becomes a triangulated quadrilateral with a vertex of Tv in its

interior. Apply Lemma B.1.2 to the resulting quadrilateral. Remove all nodes

of Tv from T and from their corresponding node sets.

Sub-Case 4(c)(v). Node rv has degree 3 and node sib(par(v)) has degree 2. The

different possibilities for the graph Gv are derived from the fact that T is a

BFS tree. All cases are illustrated in Figure 3.14. Cases 4(a)-(c) correspond to

a pentagon with a point in its interior. For these cases, apply Lemma B.2.2.

In cases (d)-(e), the non-root nodes of Tv (v, v1, v2 and v3 in Figure 3.14)

correspond to a quadrilateral with a point inside. Apply Lemma B.1.2 for

these cases. Finally, case (f) corresponds to a heptagon. For this case, apply

Lemma B.3.1. In all cases, remove all four non-root nodes of Tv from T and

from their corresponding node sets.

ele(v)

ele(rv)

Gv 6= Tv

ele(v)

ele(rv)
rv

v
ele(v)

v

rv
ele(rv)rv

v

Gv = Tv

Figure 3.13: Sub-case 4(c)(iv) of step 4c (dashed edges are cross-edges).

Recall that our algorithm repeats steps 1 to 4 to process each of the sets Vd,

Vd−1, . . . , V2, in this order. After these sets are processed, they are all empty and the

sets V0 and V1 may or may not be non-empty. If both V0 and V1 are empty, we are

done. Otherwise, the algorithm carries out the final step, step 5, which is executed

only once.
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Step 5. Eliminate all nodes v ∈ V0 ∪ V1. Apply steps 1, 2, and 3 to V0 ∪ V1.

If V0 ∪ V1 is now empty, we are done. Otherwise, the nodes in V1, if any,

correspond to triangles of T . The singleton node in V0, if any, corresponds to

either a triangle or a degenerate quadrilateral that contains a boundary edge of

T (because of how we choose the root node of T ). We now have the following

sub-steps:

(f)

rv

v

rv

v

rv

v

rv

v

rv

v

rv

v

v1 v2 v1 v2

v3v3

(a) (b) (c) (d) (e)

Figure 3.14: Gv for sub-case 4(c)(v) (dashed edges are cross-edges).

Case 5(a). Set V1 has two elements. Let v and sib(v) be the two elements of V1,

and let Tv be the subtree of T rooted at rv = par(v). The tree Tv corresponds

to either a triangulated pentagon or a non-empty triangle. Place a single

Steiner point on the boundary edge of ele(rv) (i.e., a boundary edge of T that

belongs to rv) and perturb it slightly so that it lies outside the domain of Tv

(see Figure 3.15). The domain of Tv is now either a hexagon, or a quadrilateral

with a point in its interior. By lemmas B.1.1 and B.1.2, respectively, each of

these regions can be decomposed into strictly convex quadrilaterals by using at

most three additional Steiner points in its interior. Eliminate all three nodes

from T, V0, and V1.

Case 5(b). Set V1 has only one element and the singleton element of V0 cor-

responds to a degenerate quadrilateral. Let v be the singleton element of V1,

39



and let Tv be the subtree of T rooted at rv = par(v). Proceed as in case 4a

and let rv correspond to the leftover triangle ∆. Place a Steiner point on the

boundary edge of ∆ and perturb it slightly as shown in Figure 3.16 to convert

∆ into a strictly convex quadrilateral. Eliminate v and rv from T, V1, and V0.

ele(v)

Tv

Tv rv

sib(v)v

ele(v)

Tv

ele(par(v))

ele(sib(v))

ele(sib(v))

ele(par(v))

Figure 3.15: Decomposition of a non-empty triangle into two quadrilaterals in step

5(a).

Case 5(c). Set V1 has only one element and the singleton element of V0 cor-

responds to a triangle. Again, let v be the singleton element of V1, and let

rv = par(v). Let Q be the quadrilateral formed by ele(v) and ele(rv). If Q

is strictly convex, simply eliminate the common edge shared by ele(v) and

ele(rv). If Q is not strictly convex, add a Steiner point in the interior of Q

and then apply Lemma B.1.2 to decompose it into five strictly convex quads

by using three additional Steiner points. In either case, remove v and rv from

T and from their corresponding node sets.

Case 5(d). Set V1 is empty, V0 is not empty and its singleton element corre-

sponds to a triangle. Let v be the singleton element of V0. Place a Steiner

point s on the edge of ele(v) that is also a boundary edge of T . Perturb s, as
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shown in Figure 3.16, so that it lies outside the domain of T and Q becomes

a strictly convex quadrilateral. Remove v from T and V0.

Note that each case of step 5 can be executed at most once and they are all mutually

exclusive. Furthermore, cases 5(a), 5(b), and 5(d) are the only cases when our

algorithm adds a Steiner point outside the domain of T . When V0 ∪V1 is empty, the

spanning tree T is also empty and the triangular mesh T has been converted into a

strictly convex quadrilateral mesh.

Tv
v

ele(v)

sTv

Figure 3.16: Converting a triangle into a quadrilateral.

3.2.2 Correctness, Complexity, and Bounded Size

The fact that our algorithm generates a strictly convex quadrilateral mesh from T
is an immediate consequence of two observations and the lemmas in Appendix B.

First, we notice that every vertex v in the set Vl is removed from T and Vl by the time

the algorithm processed Vl, where l is the current deepest level of T , with 0 ≤ l ≤ d,

and d is the initial depth of T . So, T is empty after all sets Vd, Vd−1, . . . , V0 are

processed. Second, we noticed that Tv can only be one of subtrees (1), (2), (3),

(4) or (5) in Figure 3.7. Each of these trees represents one or more triangulated

domains, each of which has been considered by our algorithm. Finally, the lemmas

in Appendix B show that the triangulated domains are correctly converted into

strictly convex quadrilateral meshes.

Our algorithm is linear in the number t of triangles of T . This is because each

node v ∈ Vl is visited at most twice before being eliminated from Vl and T . Recall
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that v is visited twice only if ele(v) is a degenerate pentagon (see step 2), as v is not

removed from Vl at that time, but when it is considered for the second time by some

other step. Furthermore, when Tv is considered by the algorithm, each node of Tv is

visited at most once. Since these nodes are in levels l, l − 1, and l − 2, we have that

each node of T gets visited a constant number of times during the entire execution

of the algorithm. So, the algorithm is indeed linear in t, and the space requirements

are clearly linear in t as well.

The following theorem summarizes the above results and states another property

of our algorithm:

Theorem 3.2.1. Let Ω be a polygonal region with or without polygonal holes. Then,

given any triangular mesh T of Ω with t triangles, the algorithm described above can

convert T into a strictly convex quadrilateral mesh with at most b3t
2
c+2 quadrilaterals

by using at most t + 2 Steiner points, all except one of which lie within the boundary

of Ω. The algorithm runs in O(t) time and space.

Proof. We must show that our algorithm produces at most three strictly convex

quadrilaterals for every two nodes eliminated from the spanning tree T of the dual

graph G of T . In order to see this, consider Table 3.1. Each row of this table contains,

for a given step of the algorithm, the maximum number of nodes of T eliminated, the

maximum number of quadrilaterals created, and the maximum number of Steiner

points inserted to create those quadrilaterals. Note that the algorithm produces at

most three strictly convex quadrilaterals for every two nodes eliminated from T in

all steps except steps 2, 3(a), 4(a), 5(a), and 5(c). So, we focus our attention on

these cases. In step 2, ele(v) is a degenerate pentagon. In steps 3(a) and 4(a),

ele(par(v)) is a degenerate quadrilateral. Degenerate quadrilaterals and pentagons

can only arise as the result of the execution of step 4(c)(ii). Hence, step 2 must be

preceded by two executions of step 4(c)(ii), while steps 3(a) and 4(a) must each be

preceded by one execution of step 4(c)(ii). The combination of one execution of step

2 and two executions of step 4(c)(ii) eliminates 6 nodes from T and produces at most
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9 quadrilaterals. The combination of one execution of step 3(a) and one execution

of step 4(c)(ii) eliminates 7 nodes from T and produces at most 8 quadrilaterals.

The combination of one execution of step 4(a) and one execution of step 4(c)(ii)

eliminates 5 nodes from T and produces at most 5 quadrilaterals. Thus, in all these

situations, the algorithm produces at most three strictly convex quadrilaterals for

every two nodes eliminated from T . Finally, only one of steps 5(a) and 5(c) can

be executed and at most once. Step 5(a) creates 5 quads after eliminating three

nodes, thus creating one more quad than the target ratio. Step 5(c) creates 5 quads

after eliminating two nodes, thus creating two more quads than the target ratio. It

follows that our algorithm constructs a strictly convex quadrilateral mesh with at

most b3t
2
c + 2 quadrilaterals. From Table 3.1, we also have that the algorithm uses

at most k Steiner points for every k nodes eliminated from T in all steps except

for steps 5(a) and 5(c), in which at most k + 2 Steiner points are used. Since only

one of these steps is executed and at most once, it follows that our algorithm places

at most t + 2 Steiner points. Furthermore, all Steiner points are placed within the

boundary of Ω, except for one Steiner point inserted in Steps 5(a), 5(b), or 5(d).

Since these steps are mutually exclusive and executed at most once, our algorithm

places at most one Steiner point outside Ω. Correctness and complexity follow from

our discussion in the beginning of this section.
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Step Nodes Quad. Steiner Pts.

Eliminated Created Inserted

1 1 1 0

2 0 1 0

3(a) 3 5 3

3(b) 4 5 3

3(c) 4 6 4

3(d) 7 10 7

4(a) 1 2 1

4(b) 2 2 1

4(c)(i) 3 4 3

4(c)(ii) 3 4 3

4(c)(iii) 4 6 4

4(c)(iv ) 6 9 6

4(c)(v)(a)–(c) 4 5 3

4(c)(v)(d)–(e) 4 5 3

4(c)(v)(f) 4 6 4

5(a) 3 5 4 (1 outside Ω)

5(b) 2 3 2 (1 outside Ω)

5(c) 2 5 4

5(d) 1 1 1 (1 outside Ω)

Table 3.1: Upper bounds on number of quadrilaterals created and Steiner points

inserted to quadrangulate Ω.
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3.2.3 Results and Discussion

We implemented the algorithm described in Section 3.2.1 using C++ and the open

source and freely available software Computational Geometry and Algorithms Li-

brary [45]. To illustrate the properties of our algorithm, we consider the triangular

meshes in Figure 3.17(a) and Figure 3.17(b), which were both produced by the

freely available software Triangle [119] from the polygonal regions shown on top of

the meshes.

(a) (b)

Figure 3.17: (a) Triangular mesh of an outline of Lake Superior shown on the top.

(b) Triangular mesh of a CAD model shown on the top. Both meshes were generated

by Triangle.

Figure 3.18(a) and Figure 3.18(b) show the quadrilateral meshes obtained from
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the triangular meshes in Figure. 3.17(a) and Figure 3.17(b), respectively, using our

algorithm. The quadrilateral meshes in Figure 3.18(a) and Figure 3.18(b) have 1249

and 511 quadrilaterals, while their triangular counterparts in Figure 3.17(a) and

Figure 3.17(b) have 2160 and 912 triangles, respectively. Our algorithm used 169

and 55 Steiner points to generate the quadrilateral meshes in Figure 3.18(a) and

Figure 3.18(b), respectively.

(a) (b)

Figure 3.18: (a) Quadrilateral mesh of a polygonal region of Lake Superior’s shape.

(b) Quadrilateral mesh of a CAD model.

Note that even though our algorithm may, in the worst case, produce up to b3t
2
c

quadrilaterals and use up to t + 2 Steiner points on an input triangular mesh with t

triangles, in the previous examples the number of quadrilaterals and the number of

Steiner points are about 60% and 8%, respectively, of the number of triangles of the

input triangular meshes. It turns out that this reduction in mesh size and the use

of only a few Steiner points were observed in almost all test cases on which we ran

our algorithm.

Our algorithm does not provide any guarantee on the shape quality of the output

quadrilaterals. This is true no matter what shape metric one might consider. Since

element shape quality is one of the most desirable properties of any mesh, this is
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a considerable weakness of our algorithm. Fortunately, we can improve the shape

quality of the quadrilaterals generated by our algorithm by using post-processing

techniques.

Post-processing techniques optimize the shape quality of a mesh according to

some quality criterion and at the expense of runtime. Figure 3.19(a) and Fig-

ure 3.19(b) show quadrilateral meshes obtained from the ones in Figure 3.18(a)

and Figure 3.18(b), respectively, by using a smoothing technique called angle-based

smoothing [146] and a subset of the topological operations from [19]. The combi-

nation of both techniques help make quadrilaterals less distorted with respect to a

reference square.

(a) (b)

Figure 3.19: (a) Quadrilateral mesh resulting from post-processing of the mesh in

Figure 3.18(a). Quadrilateral mesh resulting from post-processing of the mesh in

Figure 3.18(b).

We can quantitatively evaluate the effect of the post-processing techniques by

considering a measure of shape quality defined by Joe [71] (refer to Figure 3.20). Let

Q = [a, b, c, d] be a strictly convex quadrilateral with vertices a, b, c, and d. Then,

we define a quality measure µ as follows. The quadrilateral Q can be decomposed

into two triangles by either adding the diagonal bd or the diagonal ac to it. In the
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former case, we have the triangles T1 = [a, b, d] and T2 = [c, d, b]. In the latter case,

we have the triangles T3 = [a, b, c] and T4 = [d, a, c]. We define µ to be the smallest

angle of T1, T2, T3, and T4.

µ = min{αi | 1 ≤ i ≤ 12}

a

d

b

c

T4T1
α2

α3

α1 T2
α4

α6 α5

T3

α8

α9

α12

α10

α11

a

d

b

c
α7

Figure 3.20: Illustration of the definition of the quality measure µ.

Note that the value of µ is 45o if Q is a square, and that the value of µ approaches

0o if one or two edges of Q is much shorter than the other edges or Q has an angle

near 0o or 180o. In fact, it can be shown that the maximum value of µ is 45o, and

that this value is only attained by the square [71]. The value of µ is a measure of

how distorted the triangles T1, T2, T3, and T4 are with respect to a reference right,

isosceles triangle. This interpretation was recently formalized by Pébay [109] in a

study of the asymptotic behavior of a shape metric for quadrilaterals, which is very

similar to µ.

Table 3.2 shows the frequency distribution of the µ values of the quadrilaterals of

the meshes in Figure 3.18 and Figure 3.19. Although the values of µ were improved

for the post-processed quadrilaterals, the time to produce each mesh in Figure 3.19

is at least seven times longer than the time our algorithm took to produce the

corresponding mesh in 3.18. The angle-based smoothing also increases the uniformity

of the area of the mesh elements. Table 3.3 illustrates this effect by showing the

standard deviation of the average area of the elements of meshes 1, 2, 3, and 4 in

Table 3.2.

Another interesting feature of our algorithm is that it tends to retain the input
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triangular mesh grading. This is because the conversion of the triangular mesh into

a quadrilateral one is done locally, and the size of the quadrilaterals are proportional

to the size of the triangles in the small triangulated domains converted into small

quadrilateral meshes.

Mesh # Quads. [0o, 5o) [5o, 10o) [10o, 25o) [25o, 35o) [35o, 45o] Runtime

1 1249 11 430 566 228 14 1401 ms

2 511 2 170 225 110 4 429 ms

3 1249 2 166 587 458 36 10956 ms

4 511 2 38 266 191 14 4791 ms

Table 3.2: Meshes 1 and 2 are the quadrilateral meshes in Figure 3.18(a) and Fig-

ure 3.18(b), respectively. Meshes 3 and 4 are the post-processed quadrilateral meshes

in Figure 3.19(a) and Figure 3.19(b), respectively. The second column from left to

right shows the number of quadrilaterals of the meshes. The rightmost column shows

the time our meshing algorithm took to generate the mesh.

Mesh Average Area Standard Deviation Mesh Standard Deviation

1 1.2 × 10−4 1.6 × 10−4 3 1.2 × 10−4

2 7.1 6.5 4 4.1

Table 3.3: Average area of the quadrilaterals in the meshes in Table 3.2 before and

after post-processing.

The fact that our algorithm places a Steiner point outside the triangular mesh

domain may be highly undesirable in practice. However, our algorithm can be slightly

modified so that no Steiner point is placed outside the triangular mesh domain. Note

that a Steiner point is placed outside the triangular mesh domain only if one of steps

5(a), 5(b), and 5(d) is carried out. Instead of adding a Steiner point to the triangular

mesh boundary to convert the leftover triangle into a quadrilateral in steps 5(b) and
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5(d), we can subdivide the leftover triangle into five strictly convex quadrilateral by

adding five Steiner point in the interior of the triangle and one on the boundary [71]

(see Figure 3.21).

Figure 3.21: We can subdivide a triangle into five strictly convex quadrilaterals using

five Steiner points, one of which is placed on the boundary of the triangle (see [71]

for a proof).

Note that steps 5(b) and 5(d) insert 6 and 5 Steiner points into the resulting

quadrilateral mesh, respectively, after our change. Now, consider step 5(a). Recall

that we have two possible situations for the subtree Tv of T rooted at par(v): Tv

corresponds to either a triangulated pentagon or a non-empty triangle. If Tv corre-

sponds to a triangulated pentagon, then we can apply Lemma B.2.1 to convert the

triangular mesh Tv into a quadrilateral mesh and a leftover triangle that contains

a boundary edge. Next, we subdivide the leftover triangle into five strictly convex

quadrilaterals by using five Steiner points inside the triangle. So, we insert exactly

six Steiner points into the resulting quadrilateral mesh.

If Tv corresponds to a non-empty triangle, then we can insert a Steiner point in

the interior of ele(v), so that the elements ele(v) and ele(sib(v)) form a quadrilat-

eral with a vertex in its interior. Hence, we can apply Lemma B.1.2 to subdivide

the quadrilateral formed by ele(v) and ele(sib(v)) into at most five strictly convex

quadrilateral using at most three Steiner points. All Steiner points are placed in

the interior of the quadrilateral formed by ele(v) and ele(sib(v)). Now, we are left

with only one triangle, ele(par(v)). We can subdivide ele(par(v)) into five strictly
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convex quadrilaterals by adding five Steiner points to the interior of ele(par(v)). So,

the total number of Steiner points inserted into the resulting quadrilateral mesh by

step 5(a) is at most nine. This implies that our algorithm can convert a triangular

mesh with t triangles into a strictly convex quadrilateral mesh by using at most

t + 7 Steiner points, all of which are placed in the interior or on the boundary of the

triangular mesh domain.

3.3 Constrained Quadrilateral Meshes

The algorithm described in Section 3.2.1 can convert unconstrained triangular meshes

of arbitrary polygonal regions into quadrilateral meshes of the same domain. In this

section, we extend this algorithm to handle a particular class of constrained tri-

angular meshes. The ability to handle constrained triangular meshes is crucial for

generating meshes from two-dimensional imaging data, as we have already seen in

Chapter 2.

The class of constrained triangular meshes handled by our algorithm encom-

passes any triangular mesh generated from a two-dimensional binary image. More

specifically, the input triangulated domain is an arbitrary polygonal region, Ω, with

interior edges and vertices satisfying the input restriction: the vertices and edges

of bd(Ω) and the interior vertices and edges are the underlying space of a pure one-

dimensional polytopal complex with empty boundary; that is, each vertex is a vertex

of an edge of the complex and every vertex is incident to exactly two edges of the

complex.

We assume that our algorithm is informed about which edges of the constrained

triangular mesh are boundary edges and constraining edges, i.e., edges that cover the

interior edges. The output of our algorithm is a quadrilateral mesh that conforms

to bd(Ω) and to the interior vertices and edges. The quadrilateral mesh retains all

vertices of the input triangular mesh, and it is likely to contain extra vertices (Steiner
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points).

3.3.1 The Extended Algorithm

Let T be a given constrained triangular mesh such that the domain of T satisfies the

input restriction. Let G be the dual graph of T such that G does not include the dual

of the constraining edges of T , and let h be the number of connected components

of G.In order to convert T into a strictly convex, constrained quadrilateral mesh,

we first compute all connected components {G1, G2, . . . , Gh} of G and their corre-

sponding spanning trees {T1, T2, . . . , Th}, and then we run the algorithm described

in Section 3.2.1 on each triangular mesh Ti using Ti as the spanning tree of Gi, for

each i ∈ {1, . . . , h}.
The root node of each Ti represents a triangle adjacent to a boundary edge ei of

Ti. Since the dual graph G of T does not include the dual of the constraining edges

of T , constraining edges cannot be interior edges of the small triangulated polygonal

regions that are formed by the algorithm in Section 3.2.1 during the conversion of Ti

into a quadrilateral mesh. Thus, the constraining edges of T are kept in the resulting

quadrilateral mesh. However, at the very last step, the algorithm in Section 3.2.1

may place a Steiner point on at most one of the constraining edges of each Ti. More

specifically, the boundary edge belonging to the triangle that corresponds to the root

node of Ti.

Note that the conversion of Ti into a quadrilateral mesh may “corrupt” the quadri-

lateral mesh resulting from the conversion of Tj, with i 6= j and 1 ≤ i, j ≤ h. This

may occur if the algorithm places one Steiner point on a boundary edge of Ti that

is also a boundary edge of Tj after Tj has been converted into a quadrilateral mesh.

This Steiner point will transform a quadrilateral obtained from Tj into a pentagon.

Figure 3.22 illustrates this situation by using a constrained triangular mesh whose

dual graph has three connected components. As we shall discuss next, this situa-

tion can be avoided by carefully choosing the root nodes of the spanning trees T1,
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T2, . . . , Th.

T3

Steiner point placed on the boundary of T3

T1

T2

Figure 3.22: The conversion of the triangular mesh T2 into a quadrilateral mesh

corrupted the quadrilateral mesh resulting from T1. Constraining edges are heavily

drawn.

Definition 3.3.1. Let Gc be a graph such that Gc has a node vi for every connected

component Gi of G, and Gc has an edge connecting vi to vj if and only if there exist

a node u ∈ Gi and a node w ∈ Gj such that ele(u) and ele(w) in T share a common

edge, with i 6= j and 1 ≤ i, j ≤ h.

Note that the graph Gc is connected. Let T c be any spanning tree of Gc such

that the root of T c is a node of Gc corresponding to a connected component of G

whose underlying triangular mesh has a triangle containing a boundary edge of T .

From the definition of Gc, if vi ∈ T c is not the root of T c then it has a parent node,

say vj. Note that the triangular meshes Ti and Tj, which correspond to nodes vi and

vj of T c, respectively, must share a common constraining edge of T .

To compute a spanning tree Ti for the connected component Gi of G (1 ≤ i ≤ h),

we consider two cases. First, the node vi is the root of T c, and hence the triangular

mesh Ti has at least one triangle 4 that contains a boundary edge of T . Second,

the node vi has a parent in T c, say vj, and hence the triangular mesh Ti has at
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least one triangle 4 that shares a constraining edge with a triangle of Tj, for some

j 6= i and 1 ≤ j ≤ h. In either case, we choose the root of Ti to be the node of Gi

corresponding to 4. Finally, we obtain Ti by performing a BFS on Gi, starting from

the node of Gi corresponding to 4.

Suppose we run the algorithm in Section 3.2.1 on Ti using Ti as the spanning

tree of Gi. If the algorithm places a Steiner point s on a boundary edge of Ti, this

boundary edge (call it e) is an edge of the triangle of Ti corresponding to the root

node of Ti. Furthermore, e is also a boundary edge of exactly one other triangular

mesh, namely Tj, where vj is the parent node of vi in T c. So, by converting Ti into

a quadrilateral mesh, our algorithm may affect the triangular mesh Tj, but no other

triangular mesh.

The above observation suggests a straightforward way of avoiding the situation in

Figure 3.22. We traverse T c by level and in a bottom-up fashion, and for each visited

node vi of T c, with i ∈ {1, . . . , h}, we apply the algorithm in Section 3.2.1 to Ti. Since

we traverse T c by level and in a bottom-up fashion, no quadrilateral mesh obtained

before the conversion of Ti is corrupted by the conversion of Ti. Furthermore, the

conversion of Ti may only affect the triangular mesh Tj, which corresponds to the

parent vj of vi in T c.

Note also the conversion of Ti affects Tj if and only if a Steiner point s is placed on

a boundary edge of Ti and Tj, which is an edge of the triangle of Ti corresponding to

the root of Ti. If this is the case, then the triangle of Tj containing this edge becomes

a quadrilateral. All we have to do is to split this quadrilateral into two triangles

(see Figure 3.23). This repairing procedure modifies Tj, but it guarantees that the

modified Tj is a consistent triangular mesh before it is considered for conversion by

the algorithm.
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Edge placed to fix T1
T1

T2

T3

Figure 3.23: Consider the triangular mesh of Figure 3.22. If v1 is the parent of

v2 in T c, then we can fix T1 after the conversion of T2 by splitting the corrupted

quadrilateral into two triangles.

3.3.2 Bounded Size

Our algorithm for producing constrained quadrilateral meshes has the same theoreti-

cal properties of the algorithm in Section 3.2.1. The following lemma provides upper

bounds on the number of quadrilaterals and Steiner points generated and inserted

by our algorithm, respectively.

Lemma 3.3.1. Let T be a constrained triangular mesh satisfying the input restric-

tion. The algorithm described in Section 3.3.1 converts T into a strictly convex,

constrained quadrilateral mesh of the triangulated domain with at most b3t
2
c + 4h

quadrilaterals by inserting at most t + 3h Steiner points, where t is the number of

triangles of T and h is the number of connected components in the dual graph of T .

Proof. The conversion of each triangular mesh Ti into a quadrilateral one may only

affect another triangular mesh Tj (j 6= i and 1 ≤ j ≤ h) that has not been converted

into a quadrilateral mesh yet, except for the last triangular mesh considered by the

algorithm, which does not affect any other triangular mesh or previously computed

quadrilateral mesh. Every time a triangular mesh Tj is affected by the conversion
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of another triangular mesh, the number of triangles in Tj is increased by 1 due to

the repairing procedure shown in Figure 3.23. Furthermore, each triangular mesh Tj

can be affected at most xj times where xj is the number of children of the node vj

of T c corresponding to the spanning tree Tj of Gj. Note that
∑h

i=1 xi = h − 1, as

h − 1 is the number of edges in T c. Let ti (1 ≤ i ≤ h) be the number of triangles

in Ti before the algorithm converts any triangular mesh into quadrilateral one, and

let t′i be the number of triangles of Ti at the time the algorithm converts Ti into a

quadrilateral mesh. Then, we have that ti ≤ t′i ≤ ti + xi. From Theorem 3.2.1, we

know that the algorithm in Section 3.2.1 produces b3t′
i

2
c + 2 quadrilaterals on input

Ti. It follows therefore that the above algorithm produces at most
∑h

i=1

(

b3t′
i

2
c+2

)

≤
∑h

i=1

(

b3(ti+xi)
2

c
)

+ 2h ≤ ∑h
i=1

3ti
2

+
∑h

i=1
3xi

2
+ 2h = 3t

2
+ 3h−3

2
+ 2h < b3t

2
c + 4h

quadrilaterals to convert T into a constrained quadrilateral mesh. Furthermore,

these quadrilaterals are all strictly convex, as the algorithm in Section 3.2.1 only

generates strictly convex quadrilaterals. From Theorem 3.2.1, we also know that the

algorithm in Section 3.2.1 inserts at most t′i + 2 Steiner points to convert Ti into a

quadrilateral mesh. Thus, the algorithm extension in Section 3.3.1 inserts at most
∑h

i=1(t
′ + 2) ≤ ∑h

i=1(ti + xi + 2) = t + h− 1 + 2h < t + 3h Steiner points to convert

T into a constrained quadrilateral mesh.

3.3.3 Meshes from Images

As we pointed out before, the algorithm in Section 3.3.1 can be used to generate

strictly convex quadrilateral meshes from two-dimensional binary images. So, this

algorithm is a solution for one of the two meshing problems studied in this thesis.

Here, we show an example of a mesh generated by our algorithm from a human brain

image (see Figure 3.24-3.25).

The human brain image is a two-dimensional binary image (D,X). The image

grid D is such that

D = {p = (p1, p2) ∈ R
2 | p = O + δ · g},
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where O = (o1, o2) ∈ R
2, δ is a positive real number (grid spacing), and g = (g1, g2) ∈

{0, n1} × {0, n2}, for some positive integers n1 and n2. The set X is a nonempty

subset of D such that if p = (p1, p2) ∈ X, then pi 6= oi and pi 6= oi + δ · ni, for all

i ∈ {1, 2}.
To generate a mesh from (D,X), we first consider the rectangle Ω = conv(D)

and the set of common edges (along with their vertices) of the pixels CA(p) and

CA(q), for every (p, q) in bd(X). These edges and vertices are interior edges and

vertices of Ω. Let C denote the pure one-dimensional polytopal complex with empty

boundary consisting of the edges and vertices of the boundary bd(Ω) of Ω and the

interior edges and vertices.

(a) (b)

Figure 3.24: (a) Polytopal complex representing an image domain. (b) A triangular

mesh of the domain in (a) produced by Triangle.

Before we generate a triangular mesh from C, we simplify C. This is because

C has a large number of interior edges and vertices. For the example shown here,

this simplification has been carried out manually; that is, by selecting a subset of
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vertices of C, which were later connected to form a simpler homeomorphic complex.

However, one can use some algorithm for curve simplification to automatically do

the same task [67, 140].

Figure 3.24 shows the simplified polytopal complex and a triangular mesh pro-

duced by the software Triangle from the complex. The triangular mesh conforms to

the interior edges and vertices. Figure 3.25(a) shows the corresponding quadrilateral

mesh produced from the triangular mesh in Figure 3.24. Figure 3.25(b) shows the

post-processed quadrilateral mesh after five iterations of the angle-based smoothing

algorithm.

(a) (b)

Figure 3.25: (a) Quadrilateral mesh generated by our algorithm from the triangular

mesh in Figure 3.24. (b) Quadrilateral mesh in (a) after five iterations of the angle-

based smoothing.

A few years ago, we evaluated the quality of some meshes produced by our

algorithm from two-dimensional binary images of the human brain [125, 113]. Our

evaluation consisted of comparing the accuracy of the solution of a finite element (FE)

58



based image registration application when provided with post-processed quadrilateral

meshes produced by our algorithm and their triangular counterparts. Although the

triangular meshes were generated by a software that optimizes triangle shape quality,

our experiment showed us that the quality of the quadrilateral meshes are comparable

with their triangular counterparts with respect to the FE-based image registration

application.

One may wonder if our algorithm can handle constrained triangular meshes of

more general polytopal complexes. For instance, a polytopal complex in which an

interior vertex is incident to only one edge. Unfortunately, our algorithm cannot

handle such a complex (see Figure 3.26). To overcome this limitation, we must learn

how to produce quadrilateral meshes from small triangulated polygons containing

constraining edges.

Figure 3.26: The triangulated domain corresponding to the dual graph is a non-

empty triangle with a constraining edge. Such domain is not currently handled by

our algorithm.

Although the combination of our algorithm in Section 3.2.1 with the angle-based

smoothing can produce quadrilateral meshes that can be used by FE-based appli-

cations, the post-processing step is very time-consuming and may not improve the

quality of the quadrilaterals beyond a certain limit. So, it is natural to try to improve
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the shape quality of the quadrilaterals produced by our algorithm by modifying the

algorithm itself. However, the problem of generating strictly convex quadrilateral

meshes with theoretical guarantees on mesh size and element shape quality is a

difficult one [9].

Nevertheless, we intend to investigate the possibility of generating quadrilateral

meshes of small polygons (see Appendix B) where all quadrilateral are well-shaped

and the number of Steiner points is still bounded. If we succeed, then we can easily

modify the algorithm described in Section 3.2.1 to generate well-shaped quadrilateral

meshes as well.
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Chapter 4

Surface Meshes from 3D Images

This chapter introduces the problem of generating surface meshes from three-dimen-

sional binary images. We also discuss our own solution for this problem, which

consists of three parts. Each part is the subject of one forthcoming chapter of this

thesis. Most of the material in this chapter are based on a book on digital geometry

by Herman [65] and a paper on three-dimensional well-composed images by Longin

Jan Latecki [79].

4.1 Three-Dimensional Digital Images

For any positive real number δ, we define

δZ
3 = {(δn1, δn2, δn3) ∈ R

3 | (n1, n2, n3) ∈ Z
3}.

Definition 4.1.1. A 3D (gray-scale) digital image I : D → V is a function from a

set D ⊂ R
3 to a set V ⊆ R such that D is a translation of the set δZ

3; that is, we

can express D by the pair (O, δ),

D = {p ∈ R
3 | p = O + δ · g, g ∈ Z

3},

where O ∈ R
3. We refer to D as the image domain or image grid, to the elements

in V as colors, to δ as the grid spacing, and to the point O as the grid origin.
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Definition 4.1.2. A 3D binary digital image is a 3D digital image I : D → V in

which the set V of colors is the binary set {0, 1}. We shall denote a 3D binary image

I by the pair (D,X), where D is the grid of I and X is the set X = {p ∈ D | I(p) =

1}. We also refer to X and Xc as the foreground and the background of (D,X),

respectively, and we may occasionally denote X by X1 and Xc by X0.

Definition 4.1.3. Let CA : D → P(R3) be the function that identifies each point

p = (p1, p2, p3) of D with the cube

[

p1 −
δ

2
, p1 +

δ

2

]

×
[

p2 −
δ

2
, p2 +

δ

2

]

×
[

p3 −
δ

2
, p3 +

δ

2

]

,

where P(R3) denotes the power set of R
3, and δ is the grid spacing of D. We refer

to CA(p) as the continuous analog of p or simply as the voxel of p.

We can extend the definition of continuous analog of a point to a set of points as

follows:

Definition 4.1.4. Let X be any subset of D, and let CA : P(D) → P(R3) be the

function such that

CA(X) =
⋃

p∈X

CA(p).

We refer to CA(X) as the continuous analog of the set X.

Figure 4.1 shows the continuous analog of a set X = {a, b, c, d} consisting of four

points a, b, c, and d of a grid. We now define some important binary relations on D:

Definition 4.1.5. Two distinct points p and q of D are said to be face-adjacent if

CA(p) and CA(q) share a face, or equivalently, if two of the coordinates of p and q

are the same and the third coordinates differ by δ, where δ is the grid spacing of D.

Definition 4.1.6. Two distinct points p and q of D are said to be edge-adjacent

if CA(p) and CA(q) share an edge but not a face, or equivalently, if one of the

coordinates of p and q is the same and the other two coordinates differ by δ, where

δ is the grid spacing of D.
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Definition 4.1.7. Two distinct points p and q of D are said to be corner-adjacent if

CA(p) and CA(q) share a vertex but not an edge, or equivalently, if the coordinates

of p and q differ by δ, where δ is the grid spacing of D.

For an example, consider the set {a, b, c, d} of points in Figure 4.1. Points a and b

are face-adjacent, points b and c are edge-adjacent but not face-adjacent, and points

c and d are corner-adjacent but not edge- nor face-adjacent. The face-adjacency

relation is also known as 6-adjacent. Two other useful adjacency relations are the

18-adjacency and the 26-adjacency relations.

R
3

a b

c

d

x

y

z

Figure 4.1: Continuous analog of four grid points.

Definition 4.1.8. Two points p and q of D are said to be 18-adjacent if they are

face- or edge-adjacent, and 26-adjacent if they are face-, edge-, or corner-adjacent.

For instance, in Figure 4.1, a and b are 6-, 18-, and 26-adjacent, b and c are

18-, and 26-adjacent but not 6-adjacent, and c and d are 26-adjacent but not 6- nor

18-adjacent.

Let X be any subset of D, and let ρ ∈ {6, 18, 26}. We define ρ-connectedness

and ρ-connected components in the same way we did for 2D digital images (see

Definition 2.1.8 and Definition 2.1.9). For instance, if X is the set of points in

Figure 4.1, then a is 6-, 18-, and 26-connected in X to b, c, and d, respectively.

Furthermore, X is a 26-connected component of D.
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We can extend the definition of continuous analog to pair of points of D and to

sets of pairs of points of D as follows:

Definition 4.1.9. Let CA : D × D → P(R3) be the function that identifies a pair

(p, q) of points of D with the intersection set CA(p) ∩ CA(q). Note that if p and q

are face-adjacent then CA((p, q)) is precisely the face (a square) shared by CA(p)

and CA(q). Likewise, we let CA : P(D × D) → P(R3) be the function such that,

for any subset Y of D × D,

CA(Y ) =
⋃

(p,q)∈Y

CA((p, q)).

Definition 4.1.10. Let X be a nonempty subset of D. Then, we define the digital

boundary bd(X) between X and Xc as

bd(X) = {(p, q) ∈ D × D | p ∈ X, q ∈ Xc, and p and q are face-adjacent}.

Note that the continuous analog CA(bd(X)) of the digital boundary bd(X) be-

tween X and Xc is precisely the (topological) boundary of CA(X) in R
3. From now

on, we denote CA(bd(X)) by bdCA(X).

Assume that D is the domain of a binary image, (D,X), whose foreground X is a

nonempty and finite set. It can be shown that the collection of faces of bd(X), along

with their vertices and edges, consists of a pure 2-polytopal complex with empty

boundary [76]. Furthermore, the underlying space of this polytopal complex (i.e.,

bdCA(X)) separates the continuous analog of the maximal 6-connected components

of X and Xc, i.e., any curve connecting a point in the interior of the continuous

analog of a maximal 6-connected component of X or Xc to its exterior must cross

bdCA(X) [65].

4.2 Three-Dimensional Well-Composed Images

Let (D,X) be a 3D binary digital image, and assume that X is a nonempty and finite

subset of D. We say that (D,X) is well-composed if bdCA(X) is a surface in R
3, or
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equivalently, if the pure 2-polytopal complex consisting of the faces of bd(X), along

with their vertices and edges, does not contain any singularity. Interestingly, well-

composed images can be characterized by two local conditions depending only on

points of (D,X) [79]. A 3D binary digital image (D,X) satisfies these two conditions

if and only if (D,X) is well-composed, i.e., if and only if bdCA(X) is a surface in

R
3.

Definition 4.2.1. Let Y be a any subset of four points of D. We say that Y is an

instance of the critical configuration (C1) in (D,X) if the voxels of the four points

of Y share an edge, two of them are in CA(X) and the other two are in CA(Xc),

and the two voxels in CA(X) (resp. CA(Xc)) are edge-adjacent.

Refer to Figure 4.2(a) for an illustration of Definition 4.2.1.

(a) (b)

Figure 4.2: (a) Instance of the critical configuration (C1). Only the two voxels of X

(resp. Xc) are shown. (b) Instance of the critical configuration (C2). Only the two

voxels of X (resp. Xc) are shown.

Definition 4.2.2. let Y be any subset of eight points of D. We say that Y is an

instance of the critical configuration (C2) in (D,X) if the voxels of the eight points

of Y share a vertex, two of them are in CA(X) (resp. CA(Xc)) and the other six

are in CA(Xc) (resp. CA(X)), and the two voxels in CA(X) (resp. CA(Xc)) are

corner-adjacent.
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Refer to Figure 4.2(a) for an illustration of Definition 4.2.2.

The following theorem stated and proved by Latecki in [79] establishes an im-

portant equivalence between the well-composedness property of a 3D binary digital

image and the nonexistence of instances of critical configurations (C1) and (C2) in

the image:

Theorem 4.2.1. Let (D,X) be any 3D binary digital image such that X be any

nonempty and finite subset of D. Then, the image (D,X) is well-composed if and

only if it does not contain any instance of the critical configuration (C1) nor any

instance of the critical configuration (C2).

Theorem 4.2.1 also implies that there is only one kind of connectedness in well-

composed images, i.e., if (D,X) is well-composed then any 26-connected component

of X or Xc is also a 18-connected component, which in turn is also a 6-connected

component. This is due to the fact that, if a 18-connected component of X is not

6-connected, then there must exist an instance of (C1) in (D,X). Similarly, if a 26-

connected component of X is not 18-connected, then there must exist an instance of

(C2) in (D,X).

4.3 Surface Meshes from Images

Three-dimensional digital images are used in several important applications, such as

medical imaging, fluid dynamics simulation, and videoconferencing. In such applica-

tions, it is often needed to visualize the image [23]. If the image is binary, a common

approach to visualize it is to extract and render the continuous analog of the digital

boundary between background and foreground [58]. However, this approach has two

major drawbacks.

First, the large number of vertices, edges, and faces of a piecewise linear repre-

sentation of the continuous analog may slow down visualization and manipulation

algorithms. Second, due to the nature of the digital geometry, the continuous analog
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is not suitable for representing arbitrarily oriented “curved” objects without suffering

from the “staircase” appearance artifact. Figure 4.3 below illustrates both problems:

Figure 4.3: A piecewise-linear representation of the continuous analog of the digital

boundary between the foreground and background of a binary image of a lung during

inspiration.

Several different solutions have been proposed for both problems over the past

20 years [87, 117, 55, 139, 52, 73, 77]. A popular solution is to approximate the

continuous analog by an adaptive and “smoother” surface, which is in general the
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underlying surface of a simplicial surface [87, 117, 139, 52, 77] (see Figure 4.4). As

we have seen in Section 4.1, the continuous analog of the digital boundary between

the foreground and background of a binary image is not always a surface. Indeed,

it is the underlying space of a pure two-dimensional polytopal complex with empty

boundary, which may have singularities (see Section 4.2).

(a) (b)

Figure 4.4: (a) The surface in Figure 4.3 without the edges in black. (b) A simplicial

surface that approximates the surface in (a) and does not contain the “staircase”

appearance.

Although it may seem awkward to approximate a non-manifold by a surface, this

is justified in practice for three main reasons. First, the fact that the continuous

analog is not a surface is quite often the result of the lack of topology-preservation

during the image formation process [61]. Besides, the problem of using the continuous

analog to recover the correct topology of the surface of the object represented by the

image is ill-posed. Second, there are several available data structures to represent
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piecewise linear surface, as well as efficient algorithms for manipulating them. Third,

for many applications, the approximation of a non-manifold by a surface may be

entirely satisfactory, as long as the surface and the non-manifold are geometrically

“close” to each other.

A piecewise-linear surface, such as the ones in Figure 4.3 and Figure 4.4(b), is

called a surface mesh. More precisely, a surface mesh is a pure two-dimensional

polytopal complex with empty boundary whose underlying space is a surface (see

Appendix A). Here, we restrict our attention to simplicial surfaces, i.e., surface

meshes whose 2-faces are triangles. Given a 3D binary digital image (D,X), we define

the surface mesh problem as the one of obtaining a surface mesh whose underlying

surface “approximates” bdCA(X)1. This problem is not precisely specified until we

formalize the meaning of “approximates”.

Here, we restrict our attention to 3D well-composed images. This makes it pos-

sible to precisely state the surface mesh problem, as bdCA(X) is always a surface.

So, by “approximates”, we mean a surface mesh M such that its underlying sur-

face, |M|, is homeomorphic to bdCA(X). In addition, we may require the triangles

of M to have good aspect ratio, and the surface |M| to be a geometrically close

approximation of bdCA(X). The notion of geometrically close can be formalized as

follows: there exists a homeomorphism h : bdCA(X) → |M| such that, for every

p ∈ bdCA(X), we have |h(p)−p| ≤ ε, where ε is a given fixed and small positive real

number.

A triangle is said to have good aspect ratio, or equivalently, to be well-shaped, if

its smallest (resp. largest) angle is bounded away from 0o (resp. 180o). The aspect

ratio of a triangle can be measured in terms of a shape metric called radius-edge

ratio:

1This problem is commonly referred to as the iso-surface extraction problem in the graphics

literature.
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Definition 4.3.1. The radius-edge ratio, ρ(t), of a triangle t is given by

ρ(t) =
r

l
,

where r is the circumradius of t and l is the length of its shortest edge.

A triangle’s radius-edge ratio is related to its smallest angle, θ, by the formula

r/l = 1/(2 sin θ). So, an upper bound on the the triangle’s radius-edge ratio implies

a lower bound on its smallest angle. Since a lower bound on the smallest angle of

a triangle implies an upper bound on its largest angle (the converse is not true), if

a triangle’s radius-edge ratio is small, its smallest (resp. largest) angle is bounded

away from 0o (resp. 180o). Surface meshes in which all triangles have good aspect

ratio are very desirable for rendering purposes and physical simulations based on the

finite element method.

4.4 Our Solution and Its Contributions

Our solution for the surface mesh problem consists of three parts. First, we convert

the input 3D binary digital image (D,X) into a well-composed image (D,X ′) such

that X ⊆ X ′. Next, we define an implicit function f : conv(D) → R such that the

zero level set f−1(0) of f is a smooth surface homeomorphic to bdCA(X ′). Finally,

by using f−1(0), we generate a simplicial surface M such that |M| is homeomorphic

to bdCA(X ′).

The algorithm used in the third and last step of our solution is a simplification

of an algorithm developed by Chen, Dey, Ramos, and Ray [26]. To our best knowl-

edge, the latter is one of two existing algorithms that is provably guaranteed to

generate well-shaped triangles. The other algorithm was developed by Boissonnat

and Oudot [15]. While the algorithm in [26] does not provide any guarantee on how

close |M| and bdCA(X ′) are, the algorithm in [15] does. However, the theoretical

guarantees of [15] rely upon knowledge of the medial axis of the input implicit sur-

face. Unfortunately, there is no known algorithm for computing the medial axis of
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an arbitrary surface [22].

The fact that M is generated from f−1(0), rather than directly from bdCA(X ′),

may seem redundant. Indeed, an algorithm for computing M directly from bdCA(X ′)

has been developed [77], and one could also use some mesh simplification algorithm

instead. However, the algorithm in [77] does not provide any guarantee on the shape

of the triangles of M. Besides, to our best knowledge, the only known mesh simpli-

fication algorithm that provides such a guarantee requires the input surface mesh to

satisfy some constraints which rule out surface meshes such as the ones arising from

imaging data [36].

Our simplification of [26] consists of replacing an algorithm step for computing

critical and silhouette points of the surface f−1(0) by simple topological and geo-

metric operations to detect the presence of handles of f−1(0) inside Voronoi regions

of a given Voronoi diagram. This simplification makes the algorithm practical, as

the computation of critical and silhouette points involves the computation of local

minima and maxima of f−1(0), which is an expensive operation subject to geometric

degeneracies. The authors of [26] themselves did not implement such computation,

and we strongly believe that their algorithm did not become popular due to these

computations.

The simplification of the algorithm in [26] was made possible by the first and

second steps of our solution. More specifically, these two steps enable us to apply

relatively simple topological and geometric operations to find out information about

the topology of f−1(0), which is the same as the topology of bdCA(X ′), and also to

detect the presence of handles of f−1(0) inside Voronoi regions of a given Voronoi

diagram.

Although the first and second steps of our solution were motivated by the sim-

plification of the algorithm in [26], each of these steps can be used by (un)related

algorithms as well. For instance, the algorithm for converting an “ill-composed”

3D binary digital image, (D,X), into a well-composed image, (D,X ′), can be used
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by any algorithm that assumes that bdCA(X) is a surface, such as algorithms for

computing discrete curvature [128] and algorithms for approximating bdCA(X) di-

rectly from (D,X ′) [77]. Likewise, our approach to build a smooth surface, f−1(0),

that is homeomorphic to bdCA(X ′) yields an analytic expression for the function f .

This expression can be used for computing higher order derivatives and for realistic

rendering.
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Chapter 5

Well-Composed Images

This chapter presents an algorithm for converting “ill-composed” 3D binary digital

images into well-composed ones. The basic idea of this algorithm is to change the

color assigned to some points of the input ill-composed image so that the resulting

image is well-composed. This algorithm is used by the first step of our solution for

the problem of generating a surface mesh from a given 3D binary digital image (see

Chapter 4).

5.1 Preliminaries and Related Work

As we have seen in Chapter 4, our solution for the surface mesh problem relies upon

the fact that the continuous analog of the digital boundary between the foreground

and background of the input image is a surface, or equivalently, the input image

is well-composed. Since most images encountered in practice are likely to be ill-

composed, we developed an algorithm for converting 3D ill-composed binary images

into well-composed ones.

Our algorithm works by changing the color of some points of the input image from

0 to 1, i.e., by making some background points into foreground ones. We measure

the success of our algorithm by the similarity between the input and output images.
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By similarity, we mean the ratio between the number of points of the input image

whose color changed and the number of points of the image. The smaller this ratio

the better.

The idea of changing the color of background points to produce a well-composed

image is due to Latecki [80], who proposed a similar algorithm for handling 2D

binary digital images1. Unfortunately, his algorithm cannot be easily extended to

deal with 3D binary images. Later, Rosenfeld, Kong, and Nakamura [115] introduced

an image operation, called simple deformation, that can also be used for making 2D

binary digital images well-composed. This operation can be extended to deal with

3D images is a straightforward manner, but the resulting well-composed images are

27 times bigger than their corresponding ill-composed ones, which rules out its use

in practice.

Our algorithm can also be used by image-based applications that can benefit

from dealing with well-composed images. For instance, thinning algorithms do not

suffer from the irreducible thickness problem if the image is well-composed [81],

and thinning well-composed gray-scale images leads not only to theoretically better

understood algorithms but also to practically relevant thinning and segmentation

algorithms [91]. Algorithms for computing surface curvature ([128]) from 3D binary

images can also be preceded by our algorithm in order to ensure that the continu-

ous analog of the digital boundary between foreground and background is indeed a

surface.

5.2 Description of the Algorithm

Our algorithm for converting 3D binary digital images that are not well-composed

into well-composed ones takes as input a 3D binary digital image (D,X), where D is

assumed to be a finite orthogonal grid as described in Section 4.1. The output is a 3D

1A 2D binary digital image (D,X) is well-composed if and only if bdCA(X) is a curve.
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well-composed image (D,X ′) such that X = X ′ if (D,X) is already well-composed,

and X ⊂ X ′ otherwise. In other words, if (D,X) is not well-composed, then the

foreground X ′
1 of (D,X ′) is a proper superset of the foreground X1 of (D,X), or

equivalently, the background X ′
0 of (D,X ′) is a proper subset of the background X0

of (D,X).

The set X ′ is computed by finding a subset P of X0 such that the image (D,X ′),

with X ′ = X ∪ P , is well-composed. So, the set P can be viewed as the subset of

the background of (D,X) whose assigned colors are changed from 0 to 1 to generate

(D,X ′). Note that such a set P always exists, as (D,X ′) is well-composed if we let

P = X0. However, since we want (D,X) and (D,X ′) to be as similar as possible,

we ideally would like to find a smallest or optimal set P , with P ⊆ X0, such that

(D,X ′) is well-composed.

Since D is a finite set, the background X0 of (D,X) is also finite. Hence, there is

a very simple algorithm for finding a smallest P : Enumerate and test all subsets P of

X0 in increasing order of cardinality until a well-composed image (D,X ′ = X ∪ P )

is found. Recall that we can determine if (D,X ′ = X ∪ P ) is well-composed by

checking the existence of an instance of (C1) or (C2) in (Z3, X ′) (see Figure 4.2).

But, because X0 has 2|X0| subsets, where X0 is the cardinality of X0, and X0 has

typically one or two million points in images encountered in practice, this algorithm

is impractical.

By realizing that critical configurations are local configurations of points of D, we

devised a practical alternative to this näıve solution. Our algorithm is linear in the

size of D, but it is not guaranteed to find a smallest P such that (D,X ′ = X ∪ P )

is well-composed. However, our experiments in Section 5.5 show empirical evidences

that our algorithm is very effective on typical practical data, and Section 5.4 derives

an upper bound for the expected size of the set P that confirms the results described

in Section 5.5.

Our algorithm starts by letting P = ∅. Then, it loops over all points in D to find
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all instances of (C1) and (C2) in (D,X). If there is no instance of (C1) or (C2) in

(D,X), the algorithm terminates. Otherwise, the algorithm eliminates all instances

of (C1) and (C2) found in (D,X), and also the ones that may eventually arise during

this elimination process.

The elimination of critical configurations is carried out by inserting points from

X0 − P into P one at a time. Each point p inserted into P eliminates at least one

instance of (C1) or (C2) from (D,X ∪ (P −{p})). However, this operation may also

give rise to new critical configurations in (D,X ∪P ), which will trigger the insertion

of at least one more point from X0 − P into P , and so on so forth. In the following

three sections, we elaborate on the details of the steps of our algorithm.

5.2.1 Looking for Critical Configurations

This sections describes the details of the first step of our algorithm, which initializes

P and finds all instances of (C1) and (C2) in (D,X). Recall that

D = {p = (p1, p2, p3) ∈ R
3 | p = O + δ · gi},

where O = (o1, o2, o3) ∈ R
3, δ ∈ R, and g = (g1, g2, g3) ∈ {0, n1} × {0, n2} ×

{0, n3}, for some positive integers n1, n2, and n3. For each j ∈ {0, . . . , n1 − 1},
k ∈ {0, . . . , n2 − 1}, and l ∈ {0, . . . , n3 − 1}, we consider the point r ∈ D with

coordinates r = (r1, r2, r3) = (o1 + δ · j, o2 + δ · k, o3 + δ · l), and we define the subsets

of D:

Nx(r) = {(r1, y, z) | y ∈ {r2, r2 + δ} and z ∈ {r3, r3 + δ}},
Ny(r) = {(x, r2, z) | x ∈ {r1, r1 + δ} and z ∈ {r3, r3 + δ}},
Nz(r) = {(x, y, r3) | x ∈ {r1, r1 + δ} and y ∈ {r2, r2 + δ}},

and

N (r) = {r1, r1 + δ} × {r2, r2 + δ} × {r3, r3 + δ}.

Note that each instance of (C1) in (D,X ∪ P ) is one of Nx(r), Ny(r), and Nz(r),

for some r ∈ D. Likewise, each instance of (C2) in (D,X ∪ P ) is a set N (r), for
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some r ∈ D. Furthermore, if N (r) is an instance of (C2) in (D,X ∪ P ), then none

of Nx(r), Ny(r), and Nz(r) is an instance of (C1) in (D,X ∪ P ). Conversely, if any

of Nx(r), Ny(r), and Nz(r) is an instance of (C1) in (D,X ∪ P ), then N (r) is not

an instance of (C2) in (D,X ∪ P ).

Our algorithm starts by letting P be the empty set, and then it loops over D to

find all instances of (C1) and (C2) in (D,X). For each point r ∈ D, the algorithm

inserts r into an initially empty queue, R, if and only if any of Nx(r), Ny(r), and

Nz(r) is an instance of (C1) in (D,X) or if N (r) is an instance of (C2) in (D,X).

The queue R is initially empty. Figure 5.1 shows the pseudo code for the first step

of our algorithm. After the first step is over, if the queue R is still empty, then

the algorithm terminates. Otherwise, the algorithm starts eliminating the critical

configurations from (D,X).

P ← ∅
R ← ∅
for each r ∈ D do

if any of Nx(r), Ny(r) and Nz(r) is an instance of (C1) then

insert r into R

else if N (r) is an instance of (C2) then

insert r into R

endif

endfor

Figure 5.1: Pseudo code for the first step of our algorithm.
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5.2.2 Removing Critical Configurations

If the queue R is not empty after the first step is over, the algorithm carries out its

second and last step. This step removes all critical configurations from (D,X ∪ P ).

This is done by removing one point r from R at a time, and then considers all

instances of (C1) in Nx(r) ∪ Ny(r) ∪ Nz(r) or the instance of (C2) in N (r). By

inserting some points from X0 −P into P , our algorithm eliminates the instances of

(C1) in Nx(r) ∪ Ny(r) ∪ Nz(r) from (D,X ∪ P ) or the instance N (r) of (C2) from

(D,X ∪ P ). The choice of points from X0 − P to insert into P is described in the

next section.

If the insertion of points from X0 − P into P also gives rise to any new critical

configuration in (D,X ∪ P ), our algorithm finds every point r of D such that any

of Nx(r), Ny(r), Nz(r), and N (r) is a new critical configuration, and inserts r into

R. Next, the algorithm removes another point r from R and considers all instances

of (C1) in Nx(r) ∪ Ny(r) ∪ Nz(r) or the instance of (C2) in N (r), just like before.

This process is carried out until the queue R becomes empty. Whenever R becomes

empty, the algorithm terminates. Figure 5.2 shows the pseudo code for this second

and last step of our algorithm.

5.2.3 Choosing Points from the Background

This section describes which points from the background can be chosen by our al-

gorithm to eliminate a given instance of (C1) or (C2). First, consider an instance

Y of (C1) in (D,X ∪ P ), and refer to Figure 5.3. The set Y has four points, two of

them, say a and b, are from X0 − P and two of them are in X ∪ P . Note that the

insertion of either a or b into P eliminates Y from (D,X ∪ P ). On the other hand,

points a and b are the only points from X0 − P that can be inserted into P in order

to eliminate Y from (D,X ∪P ). So, our choice of a point from X0 − P to eliminate

Y from (D,X ∪P ) is restricted to the two background points, a and b, of the critical

configuration Y .
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Now, consider an instance Y of (C2) in (D,X ∪P ), and refer to Figure 5.4. The

set Y has eight points, two of them are in X0 − P (resp. X ∪ P ) and the other six

are in X ∪ P (resp. X0 − P ). First, consider the case in which Y has exactly two

points from X0−P , say a and b, as illustrated by Figure 5.4. Note that the insertion

of either a or b into P eliminates Y from (D,X ∪ P ). Furthermore, points a and b

are the only ones from X0 − P that can be inserted into P in order to eliminate the

critical configuration Y from (D,X ∪ P ). So, once again our choice of a point from

X0 −P in order to eliminate Y from (D,X ∪P ) is restricted to the two background

points, a and b, of Y .

while R is not empty do

remove a point r from R

if any of Nx(r), Ny(r), and Nz(r) is an instance of (C1) then

insert points X0 − P into P to eliminate all instances of (C1)

Nx(r) ∪Ny(r) ∪Nz(r)

else if N (r) is an instance of (C2) then

insert points X0 − P into P to eliminate N (r)

endif

for each critical new configuration Nx(p), Ny(p), Nz(p), or N (p) do

insert y into R

endfor

endwhile

Figure 5.2: Pseudo code for the second and last step of our algorithm.

Next, consider the case in which the critical configuration Y has six points from

X0 − P . Note that the insertion of any of these points into P eliminates Y from

(D,X ∪ P ). Note also that this insertion always gives rise to an instance of (C1) in
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(D,X ∪ P ). This situation is illustrated in Figure 5.5. On the other hand, only the

insertion of one of the six points in Y ∩ (X0 − P ) can eliminate Y from (D,X ∪ P ).

So, unlike the two previous cases, our choice of a point from X0 − P in order to

eliminate Y from (D,X∪P ) is restricted to six points, which are the six background

points of Y .

R
3

y

a
z

x

b

a

b

Figure 5.3: An instance Y of (C1). Points a and b are the background points of Y .
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x

z

b

a

a

b

Figure 5.4: An instance Y of (C2). Points a and b are the background points of Y .

We are now ready to explain the choice of points from X0 − P to insert into P

in order to eliminate critical configurations from (D,X ∪ P ). Let r be a point of D

for which one of the subsets Nx(r), Ny(r), and Nz(r) of D is an instance of (C1) in

(D,X ∪ P ).

If there is exactly one instance of (C1) in Nx(r) ∪ Ny(r) ∪ Nz(r), say Y , then
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the algorithm inserts one of the two background points of Y into P , as we discussed

before (see Figure 5.3). Our algorithm applies one of three rules to decide which

point to choose. These rules are explained in the next section. However, regardless

of the point chosen, all instances of (C1) in Nx(r) ∪ Ny(r) ∪ Nz(r) are eliminated

from (D,X ∪ P ).

z

R
3

y

x

Figure 5.5: An instance Y of (C2). The six background points of Y are represented

by black circles.

If there are exactly two instances of (C1) in Nx(r) ∪ Ny(r) ∪ Nz(r), say Y1 and

Y2, then Y1 and Y2 have exactly three points of X0 − P ′, as any two instances of

(C1) in Nx(r) ∪ Ny(r) ∪ Nz(r) share two points, one of which is a point of X0 − P ′

and the other is a point of X ∪ P ′, as shown in Figure 5.6. In order to eliminate Y1

and Y2 from (D,X ∪ P ), our algorithm inserts into P either the background point

shared by Y1 and Y2 (point a in Figure 5.6) or the other two background points of

Y1 ∪ Y2 (points b and c in Figure 5.6). The exact choice of points is decided by

the same three rules explained in the next section. Note that all instances of (C1)

in Nx(r) ∪ Ny(r) ∪ Nz(r) are eliminated from (D,X ∪ P ) by either one of the two

possible choices.

If Nx(r) ∪ Ny(r) ∪ Nz(r) contains three instances of (C1) in (D,X ∪ P ), then

Nx(r)∪Ny(r)∪Nz(r) has either three or four points of X0−P , which are background

points of (D,X ∪P ) (see Figure 5.7). If Nx(r)∪Ny(r)∪Nz(r) contains exactly four
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points of X0 − P , then our algorithm inserts either the common background point

of Nx(r), Ny(r), and Nz(r) (point a in Figure 5.7) or the other three background

points of Nx(r)∪Ny(r)∪Nz(r) into P (points b, c and d in Figure 5.7). Otherwise,

Nx(r), Ny(r), and Nz(r) contains exactly three points of X0 − P (points b, c and d

in Figure 5.7), and the algorithm inserts two of these three points into P . The exact

choice of points is decided by the same three rules explained in the next section. Note

that all instances of (C1) in Nx(r) ∪ Ny(r) ∪ Nz(r) are eliminated from (D,X ∪ P )

by either one of the two possible choices.

z

c

b

b

b

b
c

c

b

a b

c a

c a c

a = r a = r a = r

r rr

(1) (2) (3)

(4) (5) (6)

x

y

Figure 5.6: All possible cases in which the set Nx(r)∪Ny(r)∪Nz(r) contains exactly

two instances of (C1) in (D,X∪P ). Points in X∪P are represented by white circles,

while points in X0 − P are represented by black circles.

Finally, let r be a point of D such that N (r) is an instance of (C2) in (D,X∪P ).

As shown by Figure 5.4 and Figure 5.5, the set N (r) contains either two or six

(background) points of X0 − P . In either case, our repairing algorithm inserts only

one of these points into P to eliminate the instance of (C2) in N (r) from (D,X∪P ).

The point is also chosen according to the three rules described in the next section.

Recall that, if the set N (r) contains six (background) points from X0 − P , then
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the insertion of any of these six points into P always gives rise to a new critical

configuration in (D,X ∪ P ).

x

z

yb

a = r

(1) (2)
d

cr

b

d

c

Figure 5.7: The two cases in which the set Nx(r) ∪ Ny(r) ∪ Nz(r) contains three

instances of (C1) in (D,X ∪ P ). Points in X ∪ P are represented by white circles,

while points in X0 − P are represented by black circles.

5.2.4 Rules for Choosing Points

Our repairing algorithm chooses one or more points from X0 − P to insert into P

according to three rules. These rules are mutually exclusive. Before we describe

the rules, we define three sets of subsets of points of (X0 − P ) ∩ N (r) used in our

description of the rules: B(r), B1(r), and B2(r). We define B(r) as the set of all

subsets of points of X0−P that our algorithm can insert into P in order to eliminate

all instances of (C1) in Nx(r), Ny(r), Nz(r) or the instance N (r) of (C2), if any. So,

we have the following possibilities:

• If Nx(r)∪Ny(r)∪Nz(r) contains exactly one instance Y of (C1) in (D,X∪P ),

then B(r) = {{a}, {b}}, where a and b are the two background points of Y in

(X0 − P ).

• If Nx(r)∪Ny(r)∪Nz(r) contains exactly two instances of (C1) in (D,X ∪P ),

say Y1 and Y2, then B(r) = {{a}, {b, c}}, where a is the common point of Y1

and Y2 and X0 − P , and b and c are the two other points of X0 − P in Y1 ∪ Y2

(see Figure 5.6).
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• If Nx(r) ∪Ny(r) ∪Nz(r) contains three instances of (C1) in (D,X ∪ P ), then

we have two situations: If the common point a of Nx(r), Ny(r), and Nz(r) is in

X0−P , then B(r) = {{a}, {b, c, d}}, where b, c, and d are the other background

points of Nx(r)∪Ny(r)∪Nz(r) in X0 −P (see Figure 5.7). Otherwise, B(r) =

{{b, c}, {b, d}, {c, d}}, where b, c, and d are the points of the three background

points of Nx(r) ∪Ny(r) ∪Nz(r) in X0 − P (see Figure 5.7).

• Finally, if N (r) contains an instance of (C2) in (D,X ∪ P ), then we also

have two situations: If N (r) has exactly two points a and b of X0 − P , then

B(r) = {{a}, {b}}. Otherwise, B(r) = {{a}, {b}, {c}, {d}, {e}, {f}}, where a,

b, c, d, e, and f are the six background points of N (r) in X0 − P .

We also define the partition {B1(r), B2(r)} of B(r) such that S ∈ B1(r) if and

only if S ∈ B(r) and the insertion of all elements of S into P does not give rise to any

critical configuration in (D,X ∪ P ), and S ∈ B2(r) if and only if S ∈ B(r) and the

insertion of all elements of S into P gives rise to at least one critical configuration in

(D,X∪P ). For each r ∈ D, if one of Nx(r), Ny(r), Nz(r), and N (r) is an instance of

a critical configuration, our repairing algorithm chooses a set S from B(r) according

to the following three rules:

(1) If B1(r) is a singleton set, then let the set S be the single element of B1(r) and

insert the elements of S into P .

(2) If B1(r) has two or more elements, then select a set S from B1(r) at random

and insert the elements of S into P .

(3) If B1(r) is the empty set, or equivalently, if B2(r) = B(r), then select a set S

from B2(r) at random and insert the elements of S into P .

Note that a new critical configuration in (D,X ∪ P ) is created only if rule (3) is

applied. Whenever rule (3) is applied, our algorithm finds every point p ∈ D such

that at least one of the sets Nx(p), Ny(p), Nz(p), and N (p) is a critical configuration
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created by inserting the points of S into P , and then inserts p in the queue R,

as shown by the pseudo code in Figure 5.2. Fortunately, we do not have to loop

over D to find these points. Since every point inserted into P by rule (3) is a

point of N (r), we just have to look for the new critical configurations in the grid

[k − 1, k + 2] × [j − 1, j + 2] × [l − 1, l + 2] ⊂ Z
3, where (j, k, l) are the integer

coordinates of point r.

5.3 Termination, Correctness and Complexity

By examining the pseudo code for our algorithm (Figure 5.1 and Figure 5.2), we

can conclude that our algorithm terminates if and only if the queue R eventually

becomes empty. Recall that R is empty in the beginning of the first step, and that

a point is inserted into R only if (D,X) contains a critical configuration. Since no

point is removed from R in the first step, the queue R is empty at the end of the first

step if and only if (D,X) is well-composed. So, if R is empty at the end of the first

step, our algorithm terminates and outputs a well-composed image, which is (D,X)

itself.

Assume that R is not empty after the first step is over. So, (D,X) is not well-

composed and the algorithm correctly starts its second and last step. Each iteration

of the second step removes exactly one point from R, and it may or may not insert

more points in R. So, since all points inserted into and removed from R are points

of D and D is a finite set, the algorithm terminates if the same point of D is

inserted into R finitely many times only. It turns out that this is the case, as a point

r ∈ D is inserted into R at most four times. This claim follows from the following

observations:

• The point r is inserted into R if and only if either any of Nx(r), Ny(r), and

Nz(r) is an instance of (C1) in (D,X ∪ P ) or N (r) is an instance of (C2) in

(D,X ∪ P ).
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• If a critical configuration Y is removed from (D,X ∪P ), then the same critical

configuration Y cannot occur again in (D,X ∪ P ), as our algorithm does not

remove points from P .

So, our algorithm always terminates, as the queue R becomes empty after finitely

many steps.

The correctness of the second and last step of our algorithm is an immediate

consequence of the termination condition, as the image (D,X ∪P ) is well-composed

whenever R becomes empty. To see why, recall that for every critical configuration

Y of (D,X), the first step inserts a point r into R such that Y is one of Nx(r),

Ny(r), Nz(r), and N (r). In the second step, for every point r in R, the algorithm

removes all instances of critical configurations in Nx(r), Ny(r), Nz(r), and N (r)

from (D,X ∪ P ).

Furthermore, if a new critical configuration Y arises, then a point r is inserted

into R such that Y is one of Nx(r), Ny(r), Nz(r), and N (r). So, at any given

time, for every critical configuration Y of (D,X ∪ P ), there exists a point r in R

such that Y is one of Nx(r), Ny(r), Nz(r), and N (r). Hence, whenever R becomes

empty, we can conclude that (D,X ∪ P ) does not contain any instance of a critical

configuration.

Our algorithm is linear in the number |D| of points of D. The first step is clearly

O(|D|), as it considers every point of D once (see Figure 5.1). The second step is

basically a loop that iterates until the queue R becomes empty. Each iteration is

clearly O(1). So, the time complexity of the second step of our algorithm is given by

the number of iterations of its loop. This number is certainly bounded by 4 × |D|,
as each point of D can be inserted into R at most four times, and each iteration

removes one point from R. So, the time complexity of our algorithm is indeed linear

in the number |D| of points of D.
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5.4 An Upper Bound for the Size of P

Although our algorithm is linear in the size of the image domain, it is unlikely

to produce a smallest set P such that (D,X ∪ P ) is well-composed. Actually, in

principle, this set P can be the entire set X0 of background points of the input image

(D,X). So, it is natural to ask ourselves how poor our algorithm can perform. This

section addresses this question, and derives a probabilistic upper bound for the size

of the set P computed by our algorithm.

Recall that each point inserted into P by our algorithm eliminates at least one

critical configuration of (D,X ∪ P ). So, the size of P is bounded above by m + t,

where m is the number of critical configurations in the input image (D,X), and t is

the number of critical configurations created (and later removed) by our algorithm

in order to produce a well-composed image (D,X ∪ P ). So, by deriving an upper

bound for m + t, we also obtain an upper bound for the size of P . Here, we view

m and t as an intrinsic feature of the input image and an intrinsic feature of our

algorithm, respectively, and we obtain an upper bound for the expected value of t in

terms of m.

From the description of our algorithm in Section 5.2, a new critical configuration

is created if and only if rule (3) is applied to eliminate an existing critical configu-

ration. We also know that any critical configuration in (D,X) or any new critical

configuration created by our algorithm is one of Nx(r), Ny(r), Nz(r), and N (r),

for some r ∈ D. Since Nx(r1) 6= Nx(r2), Ny(r1) 6= Ny(r2), Nz(r1) 6= Nz(r2), and

N (r1) 6= N (r2), for any two distinct points r1 and r2, we can express t as
∑

r∈D C(r),

where C(r) is the number of new critical configurations resulting from the elimina-

tion of all instances of (C1) in Nx(r), Ny(r), and Nz(r), or the instance of (C2) in

N (r).

If we consider C(r) as a random variable, then the expected value E[t] of t

is E[t] = E[
∑

r∈D C(r)] =
∑

r∈D E[C(r)], where E[C(r)] is the expected value of

C(r). By definition, the expected value E[C(r)] of C(r) is given by E[C(r)] =
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∑K
i=1 i ·P [C(r) = i], where P [C(r) = i] is the probability that C(r) will have value i,

and K is the largest value of C(r). So, if we can obtain an expression for P [C(r) = i],

for each 1 ≤ i ≤ K, we can provide an expression for the expected values E[C(r)]

and E[t] of C(r) and E[t], respectively.

Suppose that rule (3) is used to eliminate an instance of (C1) in Nx(r), Ny(r),

Nz(r), or the instance of (C2) in N (r), for some r ∈ D. Let S be the set of points in

B(r) selected by rule (3) and whose elements are inserted into P . We know that every

point q ∈ S is a point of N (r), and that every new critical configuration created by

the insertion of q into P is in the set G(r) = [j−1, j +2]× [k−1, k +2]× [l−1, l+2]

of points of Z
3, where (j, k, l) are the integer coordinates of r. Note that G(r) is a

4 × 4 × 4 grid of points of Z
3 whose interior points are exactly the points of N (r).

So, we can compute P [C(r) = i] by restricting our attention to the set G(r), which

contains exactly 64 points.

Let A be the set of all distinct binary images (G(r),W ). Since each point in

G(r) is assigned a color from the binary set {0, 1}, the cardinality |A| is 264. We are

interested in the subset A′ of A such that (G(r),W ) ∈ A′ if and only if (G(r),W ) ∈ A

and at least one of Nx(r), Ny(r), and Nz(r) is an instance of (C1) in (G(r),W ) or

N (r) is an instance of (C2) in (G(r),W ). There are exactly 84 ways of assigning

a color from the set {0, 1} to the points in [j, j + 1] × [k, k + 1] × [l, l + 1] such

that at least one of Nx(r), Ny(r), and Nz(r) is an instance of (C1) in (G(r),W ) or

N (r) is an instance of (C2) in (G(r),W ). Hence, the cardinality |A′| of the set A′ is

|A′| = 256 · 84.

If we assume that each of the 256 · 84 binary images (G(r),W ) of A′ is equally

likely to occur in any subset G(r) of D, then we can define the conditional probability

P ((G(r),W )) that the points of G(r) ⊂ D of (D,X) will be assigned the colors in

(G(r),W ) ∈ A′, given that at least one of Nx(r), Ny(r), and Nz(r) is an instance of

(C1) in (D,X) or N (r) is an instance of (C2) in (D,X): P ((G(r),W )) = 1/|A′| =

1/(256 · 84).
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Let (G(r),W ) be any binary image of A′. Since (G(r),W ) ∈ A′, either the set

Nx(r)∪Ny(r)∪Nz(r) contains one, two or three instances of (C1) or the set N (r) is

an instance of (C2). Recall that our algorithm eliminates all critical configurations

of (G(r),W ) in either Nx(r) ∪ Ny(r) ∪ Nz(r) or N (r) by selecting a set S of B(r)

and inserting all elements of S into P . Recall also that rule (3) is used to select S if

and only if for any S ∈ B(r), the insertion of the elements of S into P gives rise to at

least one critical configuration in (D,X ∪ P ). So, if we assume that each S ∈ B(r)

is equally likely to be selected by rule (3), we can define the probability P (S) that S

will be chosen from B by rule (3) as P (S) = 0 if B2(r) 6= B(r) and P (S) = 1/|B2(r)|
otherwise, where |B2(r)| is the cardinality of B2(r).

Since the set B(r) is not empty whenever one of Nx(r), Ny(r), Nz(r), and N (r)

is an instance of a critical configuration in (D,X ∪ P ), the probability P (S) is well-

defined. Now, we can define the probability that the insertion of the elements of S

into P will give rise to exactly i critical configurations as
∑

S∈B(r) P (S) ·N(S,W, i),

where N(S,W, i) is 1 if the insertion of the elements of S into P gives rise to exactly

i critical configurations, and 0 otherwise.

Because the set G(r) has only 64 points, we can easily build a computer program

to obtain N(S,W, i) for each binary image (G(r),W ) in A′, for each set S in B(r),

and for each i, with 1 ≤ i ≤ K. However, we must know the value of K. Since

any set S ∈ B(r) contains at most 3 elements, and instances of (C1) and (C2) are

mutually exclusive in the same set N (p), for any p ∈ D, and since each point q in S

can give rise to at most 12 instances of (C1) and 8 instances of (C2), we have that

the largest value K of C(r) is no larger than 36.

Finally, note that the probability P [C(r) = i] that, for a given r ∈ D, the random

variable C(r) will have value i is given by the sum

P ((G(r),W ))[
∑

S∈B(r)

P (S) · N(s,W, i)]

of the conditional probabilities that the elimination of all instances of (C1) in Nx(r),
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Ny(r), Nz(r), or the instance of (C2) in N (r) (if any) will give rise to exactly i new

critical configurations, given that at least one of Nx(r), Ny(r), Nz(r), and N (r) is an

instance of a critical configuration. So, for any r ∈ D, we can express the probability

P [C(r) = i] that C(r) will have value i as

P [C(r) = i] =
∑

(G(r),W )∈A

P ((G(r),W ))[
∑

S∈B(r)

P (S) · N(s,W, i)].

We built a computer program to compute N(S,W, i)2, and then we used this

program to compute the value of P [C(r) = i], for each i such that 1 ≤ i ≤ 36.

Using this program, we found P [C(r) = 1] = 0.0791921, P [C(r) = 2] = 0.0316537,

P [C(r) = 3] = 0.0187593, P [C(r) = 4] = 0.0112136, P [C(r) = 5] = 0.00472093,

P [C(r) = 6] = 0.00173523, P [C(r) = 7] = 0.00070917, P [C(r) = 8] = 0.000186012,

P [C(r) = 9] = 2.32515 · 10−5, and P [C(r) = k] is approximately zero for 10 ≤
k ≤ 36, k ∈ Z. So, E[C(r)] of C(r) is 0.284309. From the fact that E[C(r)] =
∑36

i=1 i · P [C(r) = i] = 0.284309, we can derive an upper bound for the expected

value E[t] =
∑

r∈D E[C(r)] of t in terms of m, as formally stated by the following

theorem:

Theorem 5.4.1. Let (D,X) be a 3D binary digital image. If each distinct config-

uration of eight pairwise corner adjacent points of D is equally likely, and if there

are m instances of critical configurations in (D,X), then the expected value E[t]

of the number t of new critical configurations created by the repairing algorithm in

Section 5.2 on input (D,X) is less than m/2.

Proof. Let R be the set of points r ∈ D such that one of Nx(r), Ny(r), Nz(r), and

N (r) is an instance of a critical configuration in (D,X). Clearly, the number of points

in R is less than or equal to m. For any r ∈ D, we have that E[C(r)] = 0.284309.

So, since C(r) = 0 for r ∈ D − R, if there are m critical configurations in (D,X),

then the expected number of critical configurations resulting from the elimination

2http://www.seas.upenn.edu/∼marcelos/probab.cpp
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of m existing critical configurations in (D,X) is E[
∑

r∈D C(r)] = E[
∑

r∈R C(r) +
∑

r∈D−R C(r)] = E[
∑

r∈R C(r)] =
∑

r∈R E[C(r)] = 0.284309 · |R| ≤ 0.284309 · m,

where |R| is the cardinality of R. Since the algorithm iterates until all critical

configurations are eliminated from the binary image (D,X ∪ P ), where P is the set

of background points converted into foreground points at any given time, we have

that the expected number E[t] =
∑

r∈D E[C(r)] of new critical configurations created

during the entire execution of the algorithm is bounded above by
∑∞

k=1(0.284309)k ·
m <

∑∞
k=1(1/3)k · m = m/2.

Since the size of the set P obtained by our repairing algorithm is bounded above

by m + t, Theorem 5.4.1 implies that the expected size of P is bounded above from

3m
2

. In the following section, we discuss the results of an experiment that applied our

algorithm to several 3D binary digital images encountered in practical applications.

As we shall see, this experiment confirms the theoretical bound on the size of P

derived in this section.

5.5 Results and Discussion

We have shown an upper bound for the expected value of the number t of new critical

configurations generated by our algorithm on an image with m critical configurations

(see Section 5.4). Since the size of the set P generated by our algorithm is bounded

above by m + t, this upper bound provides an idea of the effectiveness of our algo-

rithm. We now show the results of an experiment that applied our algorithm to six

3D binary digital images.

Each image contains 1293 = 2,146,689 points and was obtained from the seg-

mentation of a gray-scale magnetic resonance (MR) digital image. More specifically,

three of them were obtained from the segmentation of a gray-scale digital image of

a normal brain into white matter, gray matter, and cerebrospinal fluid (CSF). The

gray-scale brain image was produced by an on-line and freely available 3D MR image
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simulator [34]. Two other images are the result of segmenting two lung gray-scale

digital images during inspiration and expiration. The sixth image is the result of a

fuzzy segmentation ([66]) of a male thorax gray-scale image from the dataset of the

Visible Human Project [1].

We ran our algorithm on each of the six images 10 times. For each execution, we

collected the size of the set P obtained by the algorithm and the number t of new

critical configurations created by our algorithm in order to generate (D,X ′ = X∪P ).

Finally, for each image, we computed the average size of P and the average number of

new critical configurations. Table 5.1 summarizes the results of the aforementioned

experiment. Figures 5.8-5.13 show the continuous analog of the digital boundary

between the foreground and background of the well-composed images produced by

our experiment.

Note that, for each image, the average size of P is at most 0.32% of the size of the

image. Furthermore, the average size of P is smaller than the total number of critical

configurations. Note also that the average number of new critical configurations is

no larger than 0.2 ·m, where m is the number of critical configurations in the input

image. This fact is in agreement with the upper bound on the expected value of t

given by Theorem 5.4.1.

Although our experiment does not reveal how far from the optimal the size of P

really is, the results in Table 5.1 show that the 3D well-composed images generated

by our algorithm are very similar to their corresponding input ill-composed ones

(according to the size of P ). In principle, however, it is possible that our algorithm

generates a set P very far from an optimal set. Besides, it is possible for the optimal

size of P to be large, in which case any such conversion algorithm would not be

successful.

It would be really interesting to know if it is possible to compute an optimal set

P in polynomial time. Also, if we allow us to change the color of both background

and foreground points, can we formulate an algorithm that can always terminate?
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What about a polynomial time version of such an optimal algorithm? We can also

think of modifying our algorithm to include a branch and bound strategy; that is, we

can decide which points to change the color by looking ahead the number of critical

configurations created by changing the color of distinct choices of points in a few

iterations.

Table 5.1: Results from the application of the algorithm in Section 5.2 to six 3D

binary digital images with 1293 = 2,146,689 points each. The first column identifies

the images; the second and third columns contain the number of instances of the

critical configuration (C1) and critical configuration (C2) in the input image, respec-

tively; the fourth column shows the average size of the set P ; and the fifth column

shows the average number of new critical configurations generated by our algorithm

in order to compute P . The average size of P and the average number of critical

configurations were computed by executing our algorithm on each of the six binary

digital images 10 times.

Image # (C1) # (C2) Avg. |P| Avg. # C. C.

Brain (White Matter) 2538 418 1833.5 249.9

Brain (Grey Matter) 9688 1316 6834.2 2115.9

Brain (CSF) 8574 676 5303.3 787.1

Lung (Inspiration) 1908 128 1213.7 288.4

Lung (Expiration) 3284 237 2068.7 483.2

Thorax 1962 84 1123.7 143.8
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Figure 5.8: Continuous analog of the digital boundary between the foreground and

background of the white matter segmentation of a well-composed, normal brain MR

image.
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Figure 5.9: Continuous analog of the digital boundary between the foreground and

background of the gray matter segmentation of a well-composed, normal brain MR

image.
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Figure 5.10: Continuous analog of the digital boundary between the foreground and

background of the CSF segmentation of a well-composed, normal brain MR image.
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Figure 5.11: Continuous analog of the digital boundary between the foreground and

background of the segmentation of a well-composed lung image during expiration.
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Figure 5.12: Continuous analog of the digital boundary between the foreground and

background of the segmentation of a well-composed lung image during inspiration.
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Figure 5.13: Continuous analog of the digital boundary between the foreground and

background of the segmentation of a well-composed male thorax image from the

Visible Human Project dataset.
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Chapter 6

Smooth Surface Representation

Recall from Chapter 4 that the second step of our solution for the surface meshing

problem is the generation of a smooth surface, which is homeomorphic and geometri-

cally close to the continuous analog of the digital boundary between the foreground

and the background of the 3D well-composed image resulting from the first step of

our solution.

Several algorithms for constructing a surface from a 3D binary image have been

developed in the last two decades [87, 94, 117, 139, 144, 52, 77]. However, most of

them generate a piecewise linear surface rather than a smooth one [87, 102, 117, 52,

77]. Moreover, even if the input image is well-composed, the algorithms that are able

to produce a smooth surface either do not offer any guarantee on the topology of the

resulting surface or are not suitable for handling surfaces with complex topology [94,

139, 144].

This chapter describes a new algorithm for constructing a smooth surface from a

3D well-composed image. More specifically, given a 3D well-composed image (D,X),

our algorithm constructs a smooth (i.e., a C∞-continuous) surface S which is provably

guaranteed to have the same topology as the continuous analog bdCA(X) of the digital

boundary between the foreground X and the background Xc = D − X of (D,X). In

addition, S is a “close” approximation to bdCA(X), as the distance from any point

100



in bdCA(X) to S is bounded by a small constant depending on the spacing of D only.

6.1 Related Work

Most algorithms for constructing a smooth surface model from a binary image

are either based on some interpolation scheme or on a deformable surface model.

Interpolation-based algorithms build a smooth surface S by solving an interpolation

problem: Given a set of distinct points {xi}n
i=1 ⊂ R

3 on and off S, along with a set of

real values {hi}n
i=1 ⊂ R, find a smooth interpolant f : R

3 → R such that f(xi) = hi,

for all i ∈ {1, . . . , n}. The surface S is defined as the zero level set, S = f−1(0), of

f .

Yoo, Morse, Subramanian, Rheingans, and Ackerman [144] chose f to be of the

form

f(p) =
n

∑

i=1

diφ(p − xi) + Q(p), ∀p = (p1, p2, p3) ∈ R
3 (6.1)

where φ : R → R is a compactly supported radial basis function (RBF) defined in an

earlier work [100], Q : R
3 → R is the linear polynomial Q(p) = a + p1b + p2c + p3d,

and {di}n
i=1 is a set of weights associated with the given points in {xi}n

i=1. The

coefficients a, b, c, and d of Q and the weights {di}n
i=1 associated with {xi}n

i=1 are

determined by solving an (n + 4)× (n + 4) sparse linear system that arises from the

equations f(xi) = hi and from the additional constraints
∑n

i=1 di =
∑n

i=1 dixi,1 =
∑n

i=1 dixi,2 =
∑n

i=1 dixi,3 = 0, where xi,j is the j-th coordinate of point xi, for each

j ∈ {1, 2, 3}.
The above approach is an attractive solution for the problem of finding an inter-

polant f satisfying f(xi) = hi, for all i ∈ {1, . . . , n}. This is mainly due to the fact

that the associated matrix of the linear system for determining a, b, c, d, and {di}n
i=1

is invertible if the function φ is properly chosen or under very mild conditions on

the location of the points {xi}n
i=1. Furthermore, since φ has compact support, the

aforementioned system is sparse, and hence it can be solved significantly faster than
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the linear systems that arise in the formulation of globally supported RBF-based

interpolants [100, 20].

However, the results in [100] show that the computation of a, b, c, d, and {di}n
i=1

can still take longer than one hour if n is of the order of hundreds of thousands,

which is often the case if S is to approximate the continuous analog bdCA(X) of

the digital boundary between the foreground and background of a binary image

(D,X) typically encountered in medical applications. Furthermore, even if (D,X)

is a well-composed image, the approach by Yoo, Morse, Subramanian, Rheingans,

and Ackerman [144] provides no guarantee on the topology of S, which makes it

inappropriate to our purposes.

Ohtake, Belyaev, Alexa, Turk, and Seidel [103] provided an attractive alternative

to the approach in [144]. Their work is based on the partition of unity approach (see

Section 6.3.2), and was devised to solve the problem of reconstructing a surface from a

given set {xi}n
i=1 of points on the surface. The reconstructed surface S is also defined

as the zero level set f−1(0) of an implicit function f : R
3 → R. However, the surface

S does not necessarily contain the points of {xi}n
i=1, as f locally approximates rather

than interpolates these points. Results in [103] show that f can be constructed in

a matter of seconds for n as large as hundreds of thousands. However, the topology

of S is not guaranteed to be the same as the topology of the surface in which the

points {xi}n
i=1 lie either.

Although some algorithms for reconstructing topologically correct piecewise lin-

ear surfaces from point sets have been developed in previous years [14, 6, 38], only

more recently an algorithm for reconstructing topologically correct smooth surfaces

was presented [75]. This algorithm is based on an interpolation technique called mov-

ing least squares (MLS), and it is guaranteed to produce a smooth surface with the

correct topology whenever the given point set satisfies a sampling density restriction.

If the sampling density restriction does not hold, the correct topology guarantee no

longer holds.
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Unfortunately, the sampling density restriction is related to the values of the local

feature size function at points on the surface we want to reconstruct. Since the value

of the local feature size function at a point p on the surface is equal to the distance

from p to the nearest point in the medial axis of the surface, both the verification of

the sampling density restriction and the computation of a point set that satisfies the

restriction may be very expensive. So, the guarantee provided by [75] is not helpful

from a practical point of view.

Deformable models are also a powerful tool for creating surface models from

imaging data. A deformable surface model can be thought as an “elastic” surface

that can change its position, geometry and topology to approximate a given surface

or to fit a given set of points. These changes are controlled by internal and external

forces acting upon the surface and by user-defined constraints. Deformable models

are broadly classified as either parametric (or explicit) or geometric (or implicit)

models depending on whether the surface is defined by a parametric or an implicit

function, respectively.

Parametric deformable models are suitable for approximating surfaces whose

topology is known a priori [94], as the parametric representation automatically guar-

antees that the surface topology will not change while its geometry and position

evolve. However, parametric deformable models require a collision detection test to

avoid self-intersection, which leads in general to expensive computations. Further-

more, if the topology of the surface we want to approximate is arbitrarily complex,

the design of a smooth parametric surface with the given topology is itself a difficult

task.

Geometric deformable models on the other hand are defined as level sets of im-

plicit functions, and therefore they inherently prevent self-intersections and they do

not need explicit parametrizations. However, the topology can naturally changes

during the model evolution process and there is no obvious way of dictating the final

topology of the surface.
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Whitaker [139] proposed an algorithm based on a geometric deformable model

that can generate a smooth surface from a binary image (D,X). His algorithm

was originally devised to create surface models that do not suffer from the aliasing

artifacts typically encountered in voxel representations. Surfaces generated by the

algorithm approximately separate the foreground from the background of (D,X),

but they are not guaranteed to be homeomorphic to bdCA(X) when bdCA(X) is a

surface.

Han, Xu, and Prince [63] and Bischoff and Kolbbet [11] developed similar and

promising approaches that incorporate a topology-preservation mechanism into geo-

metric deformable surface models. Their approaches apply a simple criterion based

on the underlying digital topology of the image to prevent topological changes dur-

ing the model evolution process. However, like parametric deformable models, the

initial surface, i.e. level set, must have the desired topology before the evolution

process starts, and therefore their approaches are better suitable for approximating

surfaces with simple topology.

The algorithms in [144] and [139] do not assume that the input binary image

is well-composed. By making this assumption, we either restrict the set of binary

images we can handle or we slightly modify the input image to make it into a well-

composed one [124]. On the other hand, we open up the possibility of using algo-

rithms from the geometric modeling and computer graphics literature that generate

smooth surfaces from piecewise linear surfaces, as the continuous analog of the dig-

ital boundary between the foreground and background of a well-composed image is

always a piecewise linear surface.

There are many algorithms for building C1-, C2-, and even C∞-continuous sur-

faces that either approximates or interpolates the vertices of a given arbitrary piece-

wise linear surface. In principle, the resulting surface can also have the same topol-

ogy as the piecewise linear surface. Most algorithms are based on the paradigm

of stitching parametric patches together [111, 110, 138]. Each patch approximates
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or interpolates the vertices of one face of the piecewise linear surface and joins the

patches corresponding to adjacent faces with parametric or geometric Ck-continuity,

where the degree k of continuity is often 1 or 2.

A major drawback of the stitching paradigm is the need for additional points,

called control points, to define the geometry of the patches. These points must be

carefully placed to guarantee that adjacent patches join with Ck-continuity along

their common boundaries and that non-adjacent patches do not intersect each other.

Otherwise, the resulting surface will self-intersect. However, to our best knowledge,

there is no known algorithm that provides a procedure to automatically create and

place control points such that non-adjacent patches are guaranteed not to intersect

each other.

Subdivision surfaces offer an interesting alternative to the stitching of parametric

patches [21, 85]. A subdivision surface is the limit surface of a refinement process that

recursively subdivides the faces of a piecewise linear surface. Subdivision surfaces

are in general parametric C2-continuous, except at some isolated vertices. Although

subdivision surfaces do not require the placement of control points, they can still

self-intersect, and hence an additional procedure is needed to detect and avoid self-

intersection [60].

Ying and Zorin [142] described an algorithm for generating C∞-continuous sur-

face from piecewise linear surfaces which is based on the manifold approach of Grimm

and Hughes [59]. The manifold approach defines a surface by a set of parametric

patches that overlap with C∞-continuity and cover the whole surface. Ying and

Zorin [142] demonstrated that their algorithm produces surfaces with better visual

quality than the ones generated by the algorithms based on the stitching of paramet-

ric patches. However, their algorithm does not ensure that non-overlapping patches

do not intersect each other, which means that the resulting surface may contain

self-intersections.

Shen, O’Brien, and Shewchuk [118] developed a method for building interpolating
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or approximating implicit surfaces from a “polygon soup”, which is a term used to

designate an arbitrary set of polygons. A polygon soup may not define a piecewise

linear surface and its polygons can arbitrarily intersect each other. Their method is

based on the moving least squares interpolation technique, and it can in principle

create a smooth surface that approximates the vertices of a given piecewise linear

surface and has the same topology as the piecewise linear surface. A major drawback

of the method in [118] is that each evaluation of the implicit function defining the

approximating surface requires the solution of a linear system, whose number of

equations is equal to the number of input polygons.

Unlike the algorithms in [144] and [139], given a well-composed image (D,X),

our algorithm always generates a surface that is guaranteed to be homeomorphic

to bdCA(X). Our algorithm is faster than the RBF-interpolation based algorithm

in [144], and likely faster than the one in [139] based on a deformable model. The

implicit function defining the surface generated by our algorithm is smooth, which

means that our algorithm can be used by applications that require the computation of

higher order derivatives. Furthermore, this implicit function can be evaluated much

faster than the function resulting from the method proposed by Shen, O’Brien, and

Shewchuk [118].

6.2 Partition of Unity Approach

Our algorithm for constructing a smooth surface homeomorphic to bdCA(X) is based

on the notion of partition of unity [82]:

Definition 6.2.1. Given a bounded subset U of R
n, a partition of unity {ϕk}k∈K on

U is a set of nonnegative compactly supported functions ϕk : R
n → R that add up

to 1 at every point of U . More precisely, for each k ∈ K and for each p ∈ U , we have

that ϕk(p) ≥ 0,
∑

k∈K ϕk(p) = 1, and {supp(ϕk)}k∈K is a locally finite cover of U ,

where the support supp(ϕk) of ϕk is the closure of the point set {p ∈ U | ϕk(p) 6= 0}.
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A partition of unity is typically used to blend locally defined approximant func-

tions into one global approximant function. More specifically, suppose that we want

to approximate a function g : U → R, and consider a partition of unity {ϕk}k∈K

on U . Suppose also that we associate a function fk : R
n → R with each supp(ϕk)

such that fk is an approximation for g in supp(ϕk). We can now define a global

approximation f : U → R for g in terms of the set {fk}k∈K of local approximations

and {ϕk}k∈K as:

f(p) =
∑

k∈K

ϕk(p)fk(p), for all p ∈ U. (6.2)

Note that if the functions in {ϕk}k∈K and {fk}k∈K are smooth, then f in (6.2) is

also smooth. We use the terms weight function and shape function to denote ϕk and

fk, respectively.

The above partition of unity approach has long been a key ingredient of finite

element meshless methods [129], and it has more recently been used for reconstruct-

ing surfaces from point sets [103] and for approximating iso-surfaces from multiple

grids [33]. This approach is also used by our algorithm for constructing a smooth

surface from a 3D well-composed image. The function g : U ⊂ R
3 → R approxi-

mated by our algorithm is a point-to-surface distance function whose zero level set

g−1(0) is the surface bdCA(X). The function f resulting from (6.2) approximates g

in U , and the zero level set f−1(0) of f is a smooth surface that is guaranteed to be

homeomorphic to bdCA(X).

6.3 Overview of the Algorithm

The input of our algorithm is a 3D well-composed image (D,X) such that D and X

satisfy the following two restrictions: (1) D is a finite orthogonal grid defined as

D = {p ∈ R
3 | p = O + δ · g},

where O = (o1, o2, o3) ∈ R
3, δ ∈ R, and g = (g1, g2, g3) ∈ {0, n1} × {0, n2} × {0, n3},

for some positive integers n1, n2, and n3, and (2) if p = (p1, p2, p3) ∈ X, then pi 6= oi
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and pi 6= oi +δ ·ni, for all i ∈ {1, 2, 3}. Note that both the continuous analog CA(D)

and the convex hull conv(D) of D are “rectangular boxes”, that and conv(D) is

contained in the interior of CA(D).

The output of our algorithm is a function f : U → R defined as in (6.2). The

domain U of f is conv(D). The function f is an approximation of the distance

function defined as follows:

Definition 6.3.1. The function g : conv(D) → R such that for every point p ∈
conv(D),

g(p) = sign(p) · min{‖p − q‖ | q ∈ bdCA(X)}, (6.3)

is called the distance function, where ‖p − q‖ is the Euclidean distance between p

and a point q ∈ bdCA(X), sign(p) = 1 if p is outside bdCA(X), sign(p) = 0 if p is

on bdCA(X), and sign(p) = −1 if p is inside bdCA(X).

Note that the zero level set g−1(0) of g is precisely bdCA(X), as bdCA(X) ⊂
conv(D), and g(p) = 0 if and only if p is a point of bdCA(X). To obtain the

partition of unity {ϕk}k∈K on conv(D) and the set of shape functions {fk}k∈K that

define f in (6.2), our algorithm first considers a subdivision of conv(D) into a set of

same-sized cubes as follows: Let

K = [0, n1 − 1] × [0, n2 − 1] × [0, n3 − 1],

and for each k = (k1, k2, k3) ∈ K, let Ck denote the cube whose vertices are the

points

{o1 +δ ·k1, o1 +δ ·(k1 +1)}×{o2 +δ ·k2, o2 +δ ·(k2 +1)}×{o3 +δ ·k3, o3 +δ ·(k3 +1)}.

Next, for each vertex v of a cube of {Ck}k∈K , the algorithm computes the value g(v)

and assigns it to v, where g is defined by the expression in (6.3). Note that the

vertices of the cubes of {Ck}k∈K are the points of D.

Each cube Ck of {Ck}k∈K is then assigned a weight function {ϕk}k∈K and a shape

function {fk}k∈K . The support supp(ϕk) is a cube centered at the center of Ck, and
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whose interior contains Ck. The size of this region depends on the minimum absolute

value of g at the vertices of all cubes of {Ck}k∈K and on the largest magnitude of

the gradient of fk at the vertices of another cube containing Ck. In turn, each

shape function fk is a trilinear interpolation of the values of g at the vertices of Ck.

Figure 6.1 illustrates the construction of f using an analogy in R
2. We elaborate on

the details of {fk}k∈K and {ϕk}k∈K in the following two sections.

(b)(a)

Figure 6.1: (a) The subdivision of U (black), the boundary of each supp(ϕk) (blue),

bdCA(X) (green), and the zero level set f−1
k (0) of each shape function fk (yellow).

(b) The subdivision of U (black), bdCA(X) (green), and the zero level set f−1(0) of

f (yellow).

We evaluate g at the vertices of the cubes in {Ck}k∈K using an algorithm by

Maurer, Qi, and Raghavan [93] for computing distance transforms. This algorithm

has linear time in the total number of vertices, or equivalently, in the number of

points of D. The construction and assignment of weight and shape functions to

their corresponding cubes is also done in linear time in the number of cubes of

{Ck}k∈K , which is equal to n1n2n3. So, the time complexity of our algorithm is

O(|D|), as |D| = (n1 + 1) · (n2 + 1) · (n3 + 1).
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Our algorithm is similar to the algorithms in [103] and [33], as they also subdivide

a box-shaped region enclosing U into cubes, and assign a weight function ϕk and

a shape function fk with each cube. However, those algorithms differ from ours in

two important ways. First, the support of each weight function of [103] and [33]

is a ball centered at the center point of the cube assigned with the function, and

each shape function is either a general quadric, a bivariate quadratic polynomial in

local coordinates or a piecewise quadric surface [103], and a radial basis function

(RBF) interpolant [33]. Second, the zero level set f−1(0) of the function f built by

either algorithm is not guaranteed to be homeomorphic to the surface one wants to

reconstruct from a point set [103] nor to the iso-surface one wants to approximate

from multiple grids [33].

6.3.1 Shape Functions

Each function fk : R
3 → R of the set {fk}k∈K of shape functions used by our

algorithm is a trilinear interpolant. This interpolant is defined in terms of the values

of the function g in (6.3) at the vertices of the subdivision cube Ck. More specifically,

let C be the unit cube [0, 1]3 in R
3, and assume that, for each m,n, l ∈ {0, 1}, the

vertex of C with coordinates (m,n, l) is assigned a real number Fmnl. Then, we

define the shape function fk as a trilinear interpolation of the values Fmnl at the

vertices of the cube as follows:

Definition 6.3.2. For every (x, y, z) ∈ R
3, the trilinear interpolant u : R

3 → R is

given by

u(x, y, z) =
∑

m,n,l∈{0,1}
(1 − x)1−mxm(1 − y)1−nyn(1 − z)1−lzlFmnl. (6.4)

Now, let {vk
mnl}m,n,l∈{0,1} be the set of vertices of Ck such that

vk
mnl = (vk

000,1 + m · δ, vk
000,2 + n · δ, vk

000,3 + l · δ)
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where vk
000,1, vk

000,2, and vk
000,3 are the coordinates of the vertex vk

000, as illustrated by

Figure 6.2.

Ck z

y

x

vk
010 vk

110

vk
011 vk

111

vk
000 vk

100

vk
101vk

001

Figure 6.2: The set {vk
mnl}m,n,l∈{0,1} of vertices of the cube Ck associated with the

shape function fk.

Definition 6.3.3. For every point (x, y, z) ∈ R
3, the shape function fk is defined as

fk(x, y, z) = u
(x − vk

000,1

δ
,
y − vk

000,2

δ
,
z − vk

000,3

δ

)

(6.5)

where the value Fmnl of u in (6.4) is equal to g(vk
mnl).

By definition, fk coincides with g at the vertices of Ck, and fk is an approximation

for the distance function g in (6.3) elsewhere in Ck.

Note that the value of u at any point inside the unit cube is a convex combination

of the values assigned with the vertices of the cube, the value of u at any point of a

face of the cube is a convex combination of the values assigned with the four vertices

of the face, and the value of u at any point of an edge of the cube is a convex

combination of the values assigned with the two vertices of the edge. So, f−1
k (0)

intersects Ck if and only if the values of g at the vertices of Ck are not all positive

nor all negative, f−1
k (0) intersects a face of Ck if and only if the values of g at the

four vertices of the face are not all positive nor all negative, and f−1
k (0) intersects

an edge of Ck if and only if the values of g at the two vertices of the edge are not all

positive nor all negative.
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By construction, the vertices of each Ck are the centers of eight voxels of (D,X)

that share a common vertex. So, the value of g is never zero at a vertex of Ck.

Furthermore, there are 28 = 256 possible sign configurations for the vertices of each

Ck. However, Lopes and Brodlie [86] pointed out that up to rotational symmetry, re-

flectional symmetry, and complementarity (switching positive and negative vertices),

these configurations are equivalent to the 14 canonical configurations in Figure 6.3.

Configurations 3, 4, 6, 7, 10, 12, and 13 correspond to the “ambiguous” cases of the

Marching Cubes algorithm, while configurations 0, 1, 2, 5, 8, 9, and 11 correspond

to the “unambiguous” ones [87].

The works of Natarajan [102], Chernyaev [30], and Lopes and Brodlie [86] provide

detailed analyses of the topology of the trilinear interpolant u inside the unit cube.

Their work shows that if the sign configuration of the values assigned with the

vertices of the cube is one of configurations 1, 2, 5, 8, 9, and 11 in Figure 6.3, the

intersection of u−1(0) and the cube is homeomorphic to D
2
, i.e., the closed unit disk

in R
2 (see Figure 6.4).

In particular, the work of Lopes and Brodlie [86] also shows that if we restrict

the equation describing u to the supporting plane of any face of the unit cube, we

obtain the equation of a hyperbola. Furthermore, if the sign configuration of the

values assigned with the vertices of the unit cube is one of configurations 1, 2, 5, 8,

9, and 11, the intersection of u−1(0) and a face of the cube is exactly one hyperbolic

arc.

Since (D,X) is a well-composed image, and since for every point p ∈ D, g(p) < 0

if p is inside bdCA(X) (i.e., p ∈ X) and g(p) > 0 if p is outside bdCA(X) (i.e., p 6∈ X),

the sign configuration of the values of g at the vertices of any subdivision cube Ck

must be one of configurations 0, 1, 2, 5, 8, 9, and 11 in Figure 6.3. Otherwise, there

would be a critical configuration in (D,X). So, the intersection of any subdivision

cube Ck and f−1
k (0) is always homeomorphic to D

2
(see Figure 6.4). Likewise, the

intersection between Ck and bdCA(X) is also homeomorphic to D
2
, as the eight
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corners of the cube are the centers of eight voxels of (D,X) that share a common

vertex inside the cube (see Figure 6.5).

(0) (1) (2) (3)

(4) (5) (6) (7)

(8) (9) (10) (11)

(12) (13)

Figure 6.3: The canonical set of 14 sign configurations of g of at the vertices of a

subdivision cube. The sign of g is positive at a vertex marked red, and it is negative

at a vertex marked gray, or vice-versa.

In addition, bdCA(X) intersects Ck if and only if f−1
k (0) intersects Ck, bdCA(X)

intersects a face of Ck if and only if f−1
k (0) intersects the face, and bdCA(X) intersects

an edge of Ck if and only if f−1
k (0) intersects the edge. So, the intersections between

Ck and bdCA(X) and Ck and f−1
k (0) are both empty or homeomorphic to D

2
. Fur-

thermore, f−1
k (0) approximates the nonempty intersections between bdCA(X) and

the edges, faces and interior of Ck.
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(1) (2) (5)

(8) (9) (11)

Figure 6.4: The intersection of u−1(0) and the cube [0, 1] × [0, 1] × [0, 1] when the

values of g at the vertices of the cube define one of configurations 1, 2, 5, 8, 9, and

11 in Figure 6.3.

6.3.2 Partition of Unity

The partition of unity {ϕk}k∈K on conv(D) used by our algorithm is defined in terms

of another set {wk}k∈K of nonnegative compactly supported functions from R
3 to

R. Each wk is also associated with the subdivision cube Ck from {Ck}k∈K and is

defined as follows:

Definition 6.3.4. Let wk : R
3 → R be the function such that

wk(p) = η(p1 − ck
1) · η(p2 − ck

2) · η(p3 − ck
3), (6.6)

where p = (p1, p2, p3) ∈ R
3, ck = (ck

1, c
k
2, c

k
3) is the center of Ck, and η : R → R is

given by

η(t) =



























1 if 0 ≤ |t| ≤ α1

h((|t|−α1)/β)
h((|t|−α1)/β)+h((α−|t|)/β)

if α1 < |t| < α2

0 if |t| ≥ α2,

(6.7)
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where h : R → R is defined as

h(t) =











e
2e

−
1
t

t−1 if 0 ≤ t < 1

0 otherwise,

(6.8)

and α2 > α1 > 0 and β = α2 − α1 [142]. Here, we let α1 = δ
2
− d and α2 = δ

2
+ d,

where

d = min
{δ

5
,

gmin

2 · Lmax

}

,

where gmin is the smallest absolute value of function g at a point of D, and Lmax =

maxk∈K Lk, with

Lk =

√
3

δ
· max

{∣

∣

∣

∂fk

∂x
(v)

∣

∣

∣
,
∣

∣

∣

∂fk

∂y
(v)

∣

∣

∣
,
∣

∣

∣

∂fk

∂z
(v)

∣

∣

∣

}

for all points v ∈ {ck
1 −0.9δ, ck

1 +0.9δ}×{ck
2 −0.9δ, ck

2 +0.9δ}×{ck
3 −0.9δ, ck

3 +0.9δ}.

Figure 6.6(a) shows the graph of h for t ∈ [0, 1) and Figure 6.6(b) shows the

graph of η for δ = 1 and d = 0.2.

(1) (2) (5)

(8) (9) (11)

Figure 6.5: The intersection of bdCA(X) and a cube from {Ck}k∈K where the sign

configuration of Ck corresponds to configuration 0 (empty intersection), 1, 2, 5, 8,

9, or 11 in Figure 6.3.
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(a) (b)

Figure 6.6: (a) Graph of h for t ∈ [0, 1). (b) Graph of η for δ = 1 and d = 0.2.

From the definition of η, it follows that the support supp(wk) of each wk is a

cube C1
k centered at ck = (ck

1, c
k
2, c

k
3) and whose edge length is δ + 2d. Furthermore,

wk(p) = 1 if p belongs to the cube C2
k centered at ck and with edge length δ − 2d;

wk(p) > 0 and wk(p) < 1 if p belongs to the interior of the set C1
k−C2

k ; and wk(p) = 0

if p is on the boundary of or outside C1
k . Figure 6.7 illustrates these facts by showing

the values of wk in a plane through the center of Ck and parallel to two of the faces

of Ck.

From the above observations, we have that {wk}k∈K is a set of nonnegative com-

pactly supported functions from R
3 to R. To define a partition of unity {ϕk} on

conv(D), we let

ϕk(p) =















wk(p)
∑

j∈K wj(p)
if p ∈ conv(D)

0 otherwise

(6.9)

for each k ∈ K and for every p ∈ R
3. By definition, ϕk is nonnegative and has com-

pact support supp(ϕk) = (supp(wk) ∩ conv(D)). Since conv(D) =
⋃

k∈K supp(ϕk),

and since
∑

k∈K ϕk(p) = 1 for every p ∈ conv(D), the set {ϕk} is a partition of unity

on conv(D).

We should remark that for implementation purposes, one may consider letting
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ϕk(p) = wk(p). The reason is that
∑

k∈K wk(p) = 1 if p ∈ conv(D) and the dis-

tance from p to its closest point on the boundary of conv(D) is at least d, and
∑

k∈K wk(p) ∈ (0, 1) if p ∈ conv(D) and the distance from p to its closest point

on the boundary of conv(D) is smaller than d. As a result, the approximation of

g by f(p) =
∑

k∈K wk(p)fk(p) in conv(D) may be entirely satisfactory for most

applications1.

wk(p) = 0

wk(p) = 1

C1
k

C2
k

0 < wk(p) < 1

0 < wk(p) < 1

δ

dd

Figure 6.7: The values of wk at a point p on a plane that intersects a subdivision

cube Ck and is parallel to two of its faces. The intersection between the plane and

the boundary of Ck is drawn with dashed lines.

6.3.3 Construction, Representation and Evaluation

To construct our function f , we compute the values of g at the points of D as well

as the value of the constant d used to define the function η in Section 6.3.2. As we

mentioned before, the values of g at the points of D are computed in O(|D|) using

the algorithm in [93]. Likewise, the value of d can also be computed in O(|D|) time,

1It turns out that this is also the case here, as we are interested in f−1(0) only.
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as we only need to know the smallest absolute value of g at the points of D, and the

gradient of the shape functions at 8 · n points of R
3, where n = n1 · n2 · n3 is the

number of cubes in the uniform subdivision of conv(D). So, we can construct f in

O(|D|) time.

We represent f by an n1×n2×n3 array M , where (n1+1)·(n2+1)·(n3+1) = |D|.
Each entry M [k1, k1, k3] of M contains the coefficients of the shape function fk and

the center point ck of the subdivision cube Ck, where k = (k1, k2, k3). To evaluate the

function f at a point p of conv(D), we first identify a subdivision cube Ck containing

p, and then, for each j ∈ J , where

J = [k1 − 1, k1 + 1] × [k2 − 1, k2 + 1] × [k3 − 1, k3 + 1],

we evaluate the values of ϕj and fj at p. Finally, the value of f at p is given by the

expression

f(p) =
∑

j∈J

ϕj(p)fj(p).

Note that the above summation is a restriction of the expression in (6.2), as

it only takes into account the weight functions and shape functions of Ck and the

26 cubes that share a vertex, edge, or face with Ck. This is because the weight

functions of the other subdivision cubes are zero at p, and consequently they need

not be considered. So, the time complexity to evaluate the function f at a point of

conv(D) is constant.

6.4 Topological Equivalence

In this section we present the main result of this chapter, which is a theorem stating

that the zero level set S = f−1(0) of the implicit function f generated by our

algorithm is homeomorphic to bdCA(X). We also present a corollary of this theorem

that tells us that S also comes close to the vertices of bdCA(X). Before stating the

theorem and the corollary, we present a sequence of propositions and lemmas that
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will lead us to a simple proof of the theorem. Let us start with a proposition that

states an important fact concerning the trilinear interpolant u : R
3 → R defined

in (6.4):

Proposition 6.4.1. Let C ⊆ R
3 be any cube of the form C = [a1, b1] × [a2, b2] ×

[a3, b3], with ai < bi and |b1 − a1| = |b2 − a2| = |b3 − a3|, for each i ∈ {1, 2, 3}.
Then, the trilinear interpolant u : R

3 → R in (6.4) is Lipschitz continuous in C with

Lipschitz constant L, where

L ≤
√

3 · max
{

∣

∣

∣

∂u

∂x
(v)

∣

∣

∣
,
∣

∣

∣

∂u

∂y
(v)

∣

∣

∣
,
∣

∣

∣

∂u

∂z
(v)

∣

∣

∣

}

and v is one of the eight vertices of C.

Proof. By expanding the summation in the expression (6.4) describing u, we obtain

an expression of the form

u(x, y, z) = a + bz + cy + dyz + ex + fxz + gxy + hxyz

where a = F000, b = F001 − F000, c = F010 − F000, d = F000 + F011 − F001 − F010,

e = F100 − F000, f = F000 + F101 − F001 − F100, g = F000 + F110 − F010 − F100, and

h = F111−F110−F101+F100−F011+F010+F001−F000. Since u is a polynomial, we know

that u is a smooth function. The gradient ∇u of u is ∇u = (∂u/∂x, ∂u/∂y, ∂u/∂z),

where

∂u

∂x
(x, y, z) = e + fz + gy + hyz,

∂u

∂y
(x, y, z) = c + dz + gx + hxz,

∂u

∂z
(x, y, z) = b + dy + fx + hxy,

and

‖∇u‖ =

√

(∂u

∂x

)2

+
(∂u

∂y

)2

+
(∂u

∂z

)2

.
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Since ∂u/∂x, ∂u/∂y, ∂u/∂z are continuous functions and since the cube C = [a1, b1]×
[a2, b2] × [a3, b3] is a bounded domain, |∂u/∂x|, |∂u/∂y|, |∂u/∂z| have a maximum

value in C. We claim that the maximum of each of |∂u/∂x|, |∂u/∂y|, |∂u/∂z| in

C is reached on a vertex of C. Let p = (x, y, z) be a point in C at which |∂u/∂x|
reaches its maximum value in C. We claim that either p is a vertex of C or there

must be a vertex q of C such that |∂u
∂x

(q)| = |∂u
∂x

(p)|. If the former case is true, we

are done. So, assume that p is not a vertex of C. Since the value of ∂u
∂x

does not

depend on the first coordinate of p, we can assume that x = a1 or x = b1. Since p

is not a vertex of C, either y 6∈ {a2, b2} or z 6∈ {a3, b3} or both. First, assume that

z 6∈ {a3, b3}, and let t and v be the points t = (a1, y, a3) and v = (a1, y, 2z − a3) if

|z−a3| ≤ |b3 − z|, and let t and v be the points t = (a1, y, b3) and v = (a1, y, 2z− b3)

otherwise. Note that both t and v are in C, and that ∂u
∂x

(t) = ∂u
∂x

(p)+ (f +hy)δz and

∂u
∂x

(v) = ∂u
∂x

(p) − (f + hy)δz, where δz = a3 − z if |z − a3| ≤ |b3 − z|, and δz = b3 − z

otherwise. If (f + hy)δz 6= 0 then either |∂u
∂x

(t)| > |∂u
∂x

(p)| or |∂u
∂x

(v)| > |∂u
∂x

(p)|, which

contradicts our assumption that |∂u
∂x
| reaches its maximum value in C at p. So,

(f + hy)δz must be zero, and therefore |∂u
∂x

(t)| = |∂u
∂x

(p)|. If y = a2 or y = b2, then

t is a vertex of C, and hence we are done. So, assume that y 6∈ {a2, b2}, and let q

and r be the points q = (a1, a2, zt) and r = (a1, 2y − a2, zt) if |y − a2| ≤ |b2 − y|, and

let q and r be the points q = (a1, b2, zt) and r = (a1, 2y − b2, zt) otherwise, where zt

is the third coordinate of point t, i.e., either zt = a3 or b3. Note that q and r are

in C and that q is a vertex of C. Note also that ∂u
∂x

(q) = ∂u
∂x

(t) + (g + hz)δy and

∂u
∂x

(r) = ∂u
∂x

(t) − (g + hz)δy, where δy = a2 − y if |y − a2| ≤ |b2 − y| and δy = b2 − y,

otherwise. If (g + hz)δy 6= 0 then either |∂u
∂x

(q)| > |∂u
∂x

(t)| or |∂u
∂x

(r)| > |∂u
∂x

(t)|. Since

|∂u
∂x

(t)| = |∂u
∂x

(p)|, we contradict our assumption that |∂u
∂x
| reaches its maximum value

in C at p. So, (g + hz)δy must be zero, and therefore |∂u
∂x

(q)| = |∂u
∂x

(t)| = |∂u
∂x

(p)|.
Since q is a vertex point of C, our claim follows for z 6∈ {a3, b3}. If z = a3 or z = b3,

then y 6∈ {a2, b2}, and we can proceed as we did before for the coordinate z. We can

proceed in a similar way to show that |∂u/∂y| and |∂u/∂z| reach their maximum
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values in C at a vertex of C. Finally,

‖∇u(p)‖ =

√

(∂u

∂x
(p)

)2

+
(∂u

∂y
(p)

)2

+
(∂u

∂z
(p)

)2

≤
√

max{|∂u

∂x
(v)|}2 + max

{∣

∣

∣

∂u

∂y
(v)

∣

∣

∣

}2

+ max
{∣

∣

∣

∂u

∂z
(v)

∣

∣

∣

}2

≤
√

3 · max
{∣

∣

∣

∂u

∂x
(v)

∣

∣

∣
,
∣

∣

∣

∂u

∂y
(v)

∣

∣

∣
,
∣

∣

∣

∂u

∂z
(v)

∣

∣

∣

}

,

for every point p in C, where v is a vertex of C. Since ‖∇u(p)‖ is bounded in C

by the above constant, the function u is Lipschitz continuous in C with Lipschitz

constant L, where

L ≤
√

3 · max
{∣

∣

∣

∂u

∂x
(v)

∣

∣

∣
,
∣

∣

∣

∂u

∂y
(v)

∣

∣

∣
,
∣

∣

∣

∂u

∂z
(v)

∣

∣

∣

}

.

Note that cube the C in Proposition 6.4.1 can be any cube of the form [a1, b1]×
[a2, b2] × [a3, b3] ⊂ R

3, with ai < bi and |b1 − a1| = |b2 − a2| = |b3 − a3|, for each

i ∈ {1, 2, 3}. Since, for every p ∈ R
3, the gradient ∇fk(p) of fk(p) is equal to 1

δ
·∇u(p)

of u, where δ is the grid spacing of D, we have that ‖∇fk(p)‖ = 1
δ
· ‖∇u(p)‖. So,

from Proposition 6.4.1, the function fk is also Lipschitz continuous in the cube C

with Lipschitz constant L such that L is bounded from above by

√
3

δ
· max

{
∣

∣

∣

∂u

∂x
(v)

∣

∣

∣
,
∣

∣

∣

∂u

∂y
(v)

∣

∣

∣
,
∣

∣

∣

∂u

∂z
(v)

∣

∣

∣

}

,

where v is one of the vertices of C.

For each cube Ck in the set {Ck}k∈K of cubes of the subdivision of conv(D) built

by our algorithm, consider a cube C ′
k centered at the center of Ck, with faces aligned

with the faces of Ck, and whose edge length is equal to 1.8 · δ, where δ is the edge

length of Ck. For each cube C ′
k, let L′

k =
√

3
δ
·max

{

|∂u
∂x

(v)|, |∂u
∂y

(v)|, |∂u
∂z

(v)|
}

, where v

is a vertex of C ′
k. Since Ck is inside C ′

k, Proposition 6.4.1 implies that L′
k is an upper

bound for the Lipschitz constant of fk in Ck. For each Ck, let gk be the smallest
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absolute value of g at any vertex of a cube of {Ck}k∈K . We define the Lipschitz ratio

of {Ck}k∈K as follows:
mink∈K{gk}
maxk∈K{L′

k}
.

Using the above ratio, we can derive the following two results related to {Ck}k∈K

and {fk}k∈K :

Proposition 6.4.2. Let {Ck}k∈K be the set of cubes of the uniform subdivision of

conv(D) built by our algorithm. Then, for each vertex v of a cube Ck in {Ck}k∈K,

the value of fk at v has the same sign as the value of fk at any point inside a sphere

centered at v and with radius α, where α is the smallest of 0.4 · δ and the Lipschitz

ratio of {Ck}k∈K.

Proof. For each k ∈ K, we know that fk is Lipschitz continuous in a cube C ′
k centered

at the center of Ck, with faces aligned with the faces of Ck, and with edge length 1.8·δ,
where δ is the edge length of Ck. We also know that the Lipschitz constant of fk in

C ′
k is bounded above by L′

k =
√

3
δ
· max{|∂u

∂x
(p)|, |∂u

∂y
(p)|, |∂u

∂z
(p)|}, where p is a vertex

of C ′
k. Since Ck is inside C ′

k, and since the edge lengths of Ck and C ′
k are δ and 1.8 ·δ,

respectively, a sphere centered at a vertex v of Ck with radius α is entirely contained

in C ′
k. Consider any point q inside such a sphere. So, ‖v−q‖ < α. From the Lipschitz

condition of fk in C ′
k, we know that |f(v)− f(q)| ≤ L′

k · ‖v − q‖. Since ‖v − q‖ < α,

we have that ‖v − q‖ < mink∈K{gk}
maxk∈K{L′

k
} , and hence |f(v) − f(q)| < mink∈K{gk}. Since

the value of g is never zero at a vertex of Ck, we must have mink∈K{gk} 6= 0 and

f(v) 6= 0. Since |f(v)| ≥ mink∈K{gk}, the value of f(q) cannot be zero and the sign

of f(q) must be the same as the sign of f(v). Otherwise, |f(v)−f(q)| ≥ mink∈K{gk},
which is a contradiction.

Proposition 6.4.3. Let Ck be any cube from the set {Ck}k∈K of cubes of the uniform

subdivision of conv(D) built by our algorithm, and let C ′
k be the cube centered at the

center of Ck, with faces aligned with the faces of Ck, and with edge length equal to

δ + α, where α is the smallest of 0.4 · δ and the Lipschitz ratio of {Ck}k∈K. Then,
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the sign configuration of the values of the shape function fk at the vertices of C ′
k is

one of configurations 0, 1, 2, 5, 8, 9, and 11 in Figure 6.3.

Proof. Let v be a vertex of Ck, for any Ck in {C ′
k}k∈K . From the definition of C ′

k, a

sphere centered at v and with radius α
2

contains exactly one distinct vertex p of C ′
k

in its interior. Since α
2

< 0.2 · δ < 0.4 · δ, Proposition 6.4.2 implies that the value of

fk at p is not zero, and the sign of fk at p is equal to the sign of fk at v. So, the sign

configuration of fk at the vertices of C ′
k is the same as the one at the vertices of Ck.

Since the sign configuration of fk at the vertices of Ck is one of configurations 0, 1,

2, 5, 8, 9, and 11 in Figure 6.3, our result follows.

An immediate consequence of Proposition 6.4.3 is the fact that the intersection

of f−1
k (0) and C ′

k is empty if and only if the intersection of f−1
k (0) and Ck is empty.

Furthermore, f−1
k (0) and C ′

k enjoy the same properties as f−1
k (0) and Ck. More

specifically, since the sign configuration of fk at the vertices of C ′
k is the same as the

sign configuration of fk at the vertices of Ck, and since the value of fk at any point

in C ′
k can be expressed as a trilinear interpolation of the values of fk at the vertices

of C ′
k, if f−1

k (0) ∩ C ′
k 6= ∅ then

(1) f−1
k (0) ∩ C ′

k is homeomorphic to D
2
,

(2) the intersection between f−1
k (0) and an edge of C ′

k is either empty or an interior

point of the edge, and

(3) the intersection between f−1
k (0) and a face of C ′

k is either empty or a curve

segment whose endpoints are interior points of two distinct edges of the face.

Let d be half the smallest of 0.4 · δ and the Lipschitz ratio of {Ck}k∈K , i.e.,

d = min
k∈K

{δ

5
,

gmin

2 · Lmax

}

,

where gmin = mink∈K{gk} and Lmax = maxkinK{L′
k}, and refer to Figure 6.8. For

each vertex v of a cube in {Ck}k∈K , we define the vertex region V (v) of v as the set
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of points q of R
3 such that ‖v − q‖ < 2d. For each edge e of a cube in {Ck}k∈K , we

define the edge region E(e) of e as the set of points q of R
3 such that ‖p − q‖ ≤ d,

for some point p of e, and q 6∈ V (v) for any vertex v of a cube in {Ck}k∈K . For each

face f of a cube in {Ck}k∈K , we define the face region F (f) of f as the set of points

q of R
3 such that ‖p − q‖ ≤ d, for some point p of f , and q 6∈ V (v) and q 6∈ E(e),

for every vertex v and for every edge e of a cube in {Ck}k∈K . Finally, for each cube

Ck in {Ck}k∈K , we define the center region C(Ck) of Ck as the set of points q ∈ Ck

such that q 6∈ V (v), q 6∈ E(e), and q 6∈ F (f), for every vertex v, every edge e, and

every face f of Ck.

Recall that d is the positive constant in the definition of the function η in (6.7).

Recall also that the support supp(wk) of the function wk in (6.6) is precisely a cube

centered at the center of Ck and whose edge length is δ + 2d. Now, consider the

following claims:

Claim 6.4.1. Let v be a vertex of any cube from the set {Ck}k∈K of cubes of the

uniform subdivision of conv(D) built by our algorithm. Then, V (v) ∩ supp(wk) 6= ∅
if and only if v is a vertex of Ck.

Proof. Let v be a vertex of any cube in {Ck}k∈K . By construction of the uniform

subdivision of conv(D), the vertex v is shared by either one, two, four, or eight cubes

in {Ck}k∈K . If v is a vertex of Ck, then v is in supp(wk), as Ck is inside supp(wk).

Since v ∈ V (v), we must have that V (v) ∩ supp(wk) 6= ∅. Conversely, if v is not

a vertex of Ck, then v is a vertex of some other cube of {Ck}k∈K , and hence the

distance between any point p of V (v) and the supporting plane of any face of Ck is

at least δ − 2d. Since d < 0.2 · δ, we have that δ − 2d > 0.6 · δ. So, p 6∈ supp(wk),

and hence V (v) ∩ supp(wk) = ∅.

Claim 6.4.2. Let e be an edge of any cube from the set {Ck}k∈K of cubes of the

uniform subdivision of conv(D) built by our algorithm. Then, E(e) ⊆ supp(wk) if

and only if e is an edge of Ck.
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Center region

Face regionEdge region
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Edge region
Vertex region

(a) (b)

Figure 6.8: (a) Vertex, edge, and faces regions along the face of a cube. (b) Edge,

face, and center regions along a plane through the center of a cube and parallel to

two faces of the cube.

Proof. Let e be an edge of a cube Ck from {Ck}k∈K . By definition, a point q is in

E(e) if ‖q − p‖ ≤ d, for some point p on e, and q 6∈ V (v), for any vertex v of a

cube in {Ck}k∈K . Since supp(wk) is a cube centered at the center of Ck and whose

edge length is δ + 2d, we have that E(e) ⊆ supp(wk). Conversely, if e is not an

edge of Ck then the distance from any point q in E(e) to any face of Ck is at least

δ − 2d > δ − 0.4 · δ = 0.6 · δ. So, we must have E(e) ∩ supp(wk) = ∅, and our result

follows.

Claim 6.4.3. Let f be a face of any cube from the set {Ck}k∈K of cubes of the

uniform subdivision of conv(D) built by our algorithm. Then, F (f) ⊂ supp(wk) if

and only if f is a face of Ck.

Proof. Let f be a face of a cube Ck from {Ck}k∈K . By definition, a point q is in F (f)

if ‖q − p‖ ≤ d, for some point p on f , and q 6∈ V (v) and q 6∈ E(e), for any vertex

v and for every edge e of a cube in {Ck}k∈K . Since supp(wk) is a cube centered at

the center of Ck and whose edge length is δ + 2d, we have that F (f) ⊆ supp(wk).
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Conversely, if f is not a face of Ck, the distance from a point q of F (f) to any face

of Ck is greater than
√

2 · d, which means that F (f) ∩ supp(wk) = ∅, and our result

follows.

Claim 6.4.4. Let Ck be any cube from the set {Ck}k∈K of cubes of the uniform

subdivision of conv(D) built by our algorithm. Then, C(Ck) ⊂ supp(wk) and C(Ck)∩
supp(wj) = ∅, for every j ∈ K with j 6= k.

Proof. Let Ck be any cube from {Ck}k∈K . Since Ck is inside supp(wk) and C(Ck)

is inside Ck, we must have that C(Ck) ⊂ supp(wk). Now, let Cj be any cube from

{Ck}k∈K such that j ∈ K and j 6= k. By construction, the vertex, edge, face, and

center regions are pairwise disjoint. So, if q is a point in C(Ck) the distance from q to

any vertex, edge or face of Cj is greater than d, and therefore q is outside supp(wj).

So, C(Ck) ∩ supp(wj) = ∅.

We now prove that f−1(0) has the same topology as bdCA(X). Our proof has

two parts. First, we show that bdCA(X) intersects a vertex, edge, face or center

region if and only if f−1(0) intersects the same region. Second, we show that if the

intersection of bdCA(X) (resp. f−1(0)) and a vertex, edge, face or center region

is nonempty, then it must be homeomorphic to D
2
. Since vertex, edge, face, and

center regions are pairwise disjoint, and their union contains conv(D), our claim

immediately follows.

Lemma 6.4.1. Let {Ck}k∈K be the set of cubes of the uniform subdivision of conv(D)

built by our algorithm. Then, for every vertex v, we have that bdCA(X) ∩ V (v) = ∅
and f−1(0) ∩ V (v) = ∅.

Proof. Since the vertices of the subdivision cubes are the centers of the voxels of

(D,X), i.e., the points of D, the distance between a point p ∈ bdCA(X) and any

vertex v of the subdivision is at least δ
2
. Since V (v) is the interior of a closed ball

centered at v with radius 2d, and since 2d < 0.4·δ, we must have bdCA(X)∩V (v) = ∅.
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Let {Cj}j∈J be the subset of cubes of {Ck}k∈K that share the vertex v with each

other. Note that {Cj}j∈J contains at least one and at most eight cubes. From

Claim 6.4.1, supp(wk) ∩ V (v) 6= ∅ if and only if k ∈ J . Recall that supp(ϕk) =

(supp(wk) ∩ conv(D)), and that conv(D) is the domain of f . So, for every p ∈
(V (v) ∩ conv(D)), we have ϕk(p) = wk(p) = 0 for every k 6∈ J , and

∑

j∈J ϕj(p) = 1.

Thus, f(p) =
∑

j∈J ϕj(p)fj(p), where fj is the shape function associated with Cj.

From proposition 6.4.2, either fj(p) > 0 for every j ∈ J or fj(p) > 0 for every j ∈ J .

Since
∑

j∈J ϕj(p) = 1, and since ϕj(p) is nonnegative for every j ∈ K, we must have

that either f(p) > 0 or f(p) < 0. As a result, f−1(0) ∩ V (v) = ∅, and our claim

follows.

Lemma 6.4.2. Let {Ck}k∈K be the set of cubes of the uniform subdivision of conv(D)

built by our algorithm. Then, for every edge e, we have that bdCA(X)∩E(e) 6= ∅ if

and only if f−1(0) ∩ E(e) 6= ∅.

Proof. Let e be a subdivision edge, and let v1 and v2 be the two subdivision vertices

(endpoints) of e. Since v1 and v2 are points of D, we know that bdCA(X) intersects

e if and only if v1 and v2 are not both background nor both foreground points of

(D,X). Furthermore, if bdCA(X) intersects e then the intersection is the midpoint

of e, and the intersection of bdCA(X) and E(e) is a circle perpendicular to e. On

the other hand, if bdCA(X) does not intersect e, the distance from a point in e to

a point in bdCA(X) is at least δ
2
, which means that bdCA(X) ∩ E(e) = ∅. Let

{Cj}j∈J be the subset of cubes of {Ck}k∈K that share the edge e. From Claim 6.4.2,

E(e) ⊂ supp(wk) if and only if k ∈ J . Recall that supp(ϕk) = (supp(wk)∩conv(D)),

and that conv(D) is the domain of f . So, for every p ∈ (E(e) ∩ conv(D)), we

have ϕk(p) = wk(p) = 0 for every k 6∈ J , and
∑

j∈J ϕj(p) = 1. This means that

f(p) =
∑

j∈J ϕj(p)fj(p), where fj is the shape function associated with Cj. Assume

that bdCA(X)∩E(e) = ∅. We claim that f−1(0)∩E(e) = ∅. Since bdCA(X)∩E(e) =

∅, either v1 and v2 are foreground points or they are both background points of

(D,X). So, for every j ∈ J , either fj(v1) and fj(v2) are both positive or they are
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both negative. Furthermore, for every j, l ∈ J , sign(fj(v1)) = sign(fl(v1)) and

sign(fj(v2)) = sign(fl(v2)), as fj(v1) = fl(v1) = g(v1) and fj(v2) = fl(v2) = g(v2).

For every point p in (
⋃

j∈J Cj) ∩ (E(e) ∩ conv(D)), consider a line l through p and

with the same direction as e. Note that l intersects at least one cube Cj at two

points, say p1 and p2, where p1 (resp. p2) is in the face of Cj that contains v1 (resp.

v2). If p is in e, then p1 = v1 and p2 = v2. Note that p1 ∈ V (v1) and p2 ∈ V (v2), as

‖p1 − v1‖ ≤ d, ‖p2 − v2‖ ≤ d. Since p1 ∈ V (v1) and p2 ∈ V (v2), Proposition 6.4.2

tells us that sign(fj(p1)) = sign(fj(v1)) and sign(fj(p2)) = sign(fj(v2)). So, either

fj(p1) and fj(p2) are both positive or they are both negative. From the definition

of the trilinear interpolant, the value of each fj at p is a convex combination of

the values of fj at p1 and p2. Since fj(p1) and fj(p2) are both positive or they

are both negative, we must have fj(p) > 0 for every p ∈ p1p2, or fj(p) < 0 for

every p ∈ p1p2. Furthermore, for every j, l ∈ J , since sign(fj(v1)) = sign(fl(v1))

and sign(fj(v2)) = sign(fl(v2)), we also have that sign(fj(p1)) = sign(fl(p1)) and

sign(fj(p2)) = sign(fl(p2)), and hence fj(p)) and fl(p) are both positive or both

negative. Since
∑

j∈J ϕj(p) = 1, and since ϕj(p) is nonnegative for every j ∈ K, we

can conclude that f(p) =
∑

j∈J ϕj(p)fj(p) > 0 for every p ∈ (E(e) ∩ conv(D)), or

f(p) =
∑

j∈J ϕj(p)fj(p) < 0 for every p ∈ (E(e)∩ conv(D)). Hence, f−1(0)∩E(e) =

∅. Conversely, assume that bdCA(X)∩E(e) 6= ∅. We claim that f−1(0)∩E(e) 6= ∅.
Since bdCA(X) ∩ E(e) 6= ∅, either v1 is a foreground point of (D,X) and v2 is a

background point of (D,X) or vice-versa. So, for every j ∈ J , either fj(v1) > 0 and

fj(v2) < 0 or fj(v1) < 0 and fj(v2) > 0. Let p be any point in (e∩(E(e)∩conv(D))).

For any two j, l ∈ J , we must have fj(q) = fl(q), as the value of fj(p) (resp. fl(p)) is

a convex combination of their values at v1 and v2, and fj(v1) = fl(v1) and fj(v2) =

fl(v2). So, since
∑

j∈J ϕj(p) = 1, we must have f(p) =
∑

j∈J ϕj(p)fj(p) = fl(p),

for any l ∈ J . So, f−1(0) = f−1
l (0) in (e ∩ E(e)). Since fl(v1) > 0 and fl(v2) < 0

or fl(v1) < 0 and fl(v2) > 0, we know that f−1
l (0) ∩ e is a point q of e. We claim

that q is also in E(e). This is because sign(fl(q)) = sign(v1) if q ∈ V (v1) and
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sign(fl(q)) = sign(v2) if q ∈ V (v2). So, f−1
l (0) ∩ (e ∩ E(e)) 6= ∅, and therefore

f−1(0) ∩ E(e) 6= ∅, as f−1(0) = f−1
l (0) in (e ∩ E(e)).

Lemma 6.4.3. Let {Ck}k∈K be the set of cubes of the uniform subdivision of conv(D)

built by our algorithm. Then, for every face f , we have that bdCA(X)∩F (f) 6= ∅ if

and only if f−1(0) ∩ F (f) 6= ∅.

Proof. Let f be a subdivision face. We know that bdCA(X) intersects f if and

only if the vertices of f are not all background nor foreground points of (D,X).

Furthermore, if bdCA(X) intersects f then bdCA(X)∩ f is a curve whose endpoints

are midpoints of two edge of f , and whose interior lies in the interior of f . Conversely,

if bdCA(X) does not intersect f , then the distance from a point p in f to a point

in bdCA(X) is at least δ
2
. These observations imply that bdCA(X) ∩ F (f) 6= ∅ if

and only if bdCA(X) ∩ f 6= ∅. Let {Cj}j∈J be the subset of cubes of {Ck}k∈K that

contain the face f . Note that {Cj}j∈J contains either one or two cubes, as f may

be on the boundary of conv(D) or it may be shared by two cubes of {Ck}k∈K . Let p

be any point in (F (f) ∩ conv(D)). From Claim 6.4.3, F (f) ⊂ supp(wk) if and only

if k ∈ J . Recall that supp(ϕk) = (supp(wk) ∩ conv(D)), and that conv(D) is the

domain of f . Since p ∈ (F (f) ∩ conv(D)), we have
∑

k∈K ϕk(p) =
∑

j∈J ϕj(p) = 1,

as
∑

k∈K ϕk(p) = 1 and ϕk(p) = 0 for k 6∈ J . So, f(p) =
∑

k∈K ϕk(p)fk(p) =
∑

j∈J ϕj(p)fj(p). Let v1, v2, v3, and v4 be a circular enumeration of the vertices of

f , and let π be a plane through p and parallel to f . Figure 6.9 shows the square

[p1, p2, p3, p4] resulting from the intersection of π and
⋃

j∈J Cj. The circumferences

around the vertices of [p1, p2, p3, p4] are the intersections of π and the vertex regions

V (v1), V (v2), V (v3), and V (v4). Since p ∈ (F (f) ∩ conv(D)), the distance from p

to f is at most d, and therefore the radius of the circumferences in Figure 6.9 are

at least
√

3d, as each V (vi) is the interior of a closed ball with center at vi and

radius 2d, for i ∈ {1, 2, 3, 4}. So, each vertex of [p1, p2, p3, p4] is inside a vertex

region V (vi). We assume that pi ∈ V (vi). Otherwise, we can relabel the pi’s such

that our assumption is true. From Proposition 6.4.2, since pi ∈ V (vi), we must have
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sign(fj(pi)) = sign(fj(vi)) for every j ∈ J and for every i ∈ {1, 2, 3, 4}. Furthermore,

since fj(vi) = g(vi) 6= 0, we can conclude that that fj(pi) 6= 0. Now, assume that

bdCA(X) ∩ F (f) = ∅. This means that the vertices of f are all background or

all foreground points of (D,X), which in turn implies that either fj(vi) > 0 for

every j ∈ J and for every i ∈ {1, 2, 3, 4}, or fj(vi) < 0 for every j ∈ J and for

every i ∈ {1, 2, 3, 4}. From the definition of the trilinear interpolant, fj(p) can

be expressed as a convex combination of the values of fj at p1, p2, p3, and p4.

Furthermore, since
∑

j∈J ϕj(p) = 1, and since ϕj(p) is nonnegative, we must have

that f(p) =
∑

j∈J ϕj(p)fj(p) > 0 if fj(pi) > 0 for every j ∈ J and for every

i ∈ {1, 2, 3, 4}, and f(p) =
∑

j∈J ϕj(p)fj(p) < 0 if fj(pi) < 0 for every j ∈ J and for

every i ∈ {1, 2, 3, 4}. So, f−1(0) ∩ F (f) = ∅, as p is any point of (F (f) ∩ conv(D)).

Conversely, assume that bdCA(X) ∩ F (f) 6= ∅. So, at least one vertex of f is a

background point of (D,X) and at least one vertex of f is a foreground point of

(D,X). In other words, the sign of fj at the vertices v1, v2, v3, and v4 are not all

positive nor all negative. To show that f−1(0) ∩ F (f) 6= ∅, we consider f(p) at a

point p ∈ (F (f) ∩ f). For q ∈ f , for t ∈ F (f), and for any two j, l ∈ J , we have

that fj(q) = fl(q) and ϕj(t) = ϕl(t). So, f(p) =
∑

j∈J ϕj(p)fj(p) = fl(p), for any

l ∈ J , and hence f−1(0) = f−1
l (0) in (F (f)∩f). So, to show that f−1(0)∩F (f) 6= ∅,

it suffices to show that f−1
l (0) intersects (F (f) ∩ f). From the properties of the

trilinear interpolant, we know that f−1
l (0) ∩ f is a hyperbolic arc with endpoints in

two distinct edges of f and whose interior lies in the interior of f . We claim that

this curve must intersect (F (f) ∩ f). Otherwise, it must intersect V (vi), for some

i ∈ {1, 2, 3, 4}, and this is not possible. So, f−1
l (0) ∩ (F (f) ∩ f) 6= ∅, and therefore

f−1(0) ∩ F (f) 6= ∅.

Lemma 6.4.4. Let {Ck}k∈K be the set of cubes of the uniform subdivision of conv(D)

built by our algorithm. Then, for every cube Ck of {Ck}k∈K, we have that bdCA(X)∩
C(Ck) 6= ∅ if and only if f−1(0) ∩ C(Ck) 6= ∅.
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Face region

δ

p1 p2

p3p4

Figure 6.9: The square [p1, p2, p3, p4] is the intersection of a plane perpendicular to a

face f of the cube subdivision of conv(D) and passing through a point p in the face

region F (f) of f .

Proof. From Claim 6.4.4, we know that ϕk(p) = wk(p) = 1 for every p ∈ C(Ck),

and ϕk(p) = 0 for all j ∈ K, with j 6= k. So, if p ∈ C(Ck), we must have that for

f(p) = fk(p). Now, if bdCA(X) ∩ C(Ck) = ∅ then the vertices of Ck are either all

background or all foreground points of (D,X). This means that f−1
k (0) ∩ Ck = ∅.

Since C(Ck) ⊂ Ck and f(p) = fk(p) for p ∈ C(Ck)), we must have f−1(0)∩C(Ck) =

∅. Conversely, if bdCA(X)∩C(Ck) 6= ∅ then the vertices of Ck are not all background

nor all foreground points of (D,X). So, f−1
k (0)∩Ck 6= ∅. Let C ′

k be the cube centered

at the center of Ck and whose edge length is equal to δ−2d. Note that C(Ck) contains

all points of C ′
k, except for the points that belong to the vertex regions of the vertices

of Ck. So, from Claim 6.4.3, we know that C ′
k has the same sign configuration as

Ck with respect to fk. Thus, f−1
k (0) ∩ C ′

k 6= ∅. Let p be any point of f−1
k (0) ∩ C ′

k.

Since fk(p) = 0, point p cannot belong to a vertex region of Ck. So, p must belong

to C(Ck), and therefore f−1
k (0) ∩ C(Ck) = f−1

k (0) ∩ C ′
k. So, f−1

k (0) ∩ C(Ck) 6= ∅.
Since f(p) = fk(p) for p ∈ C(Ck)), we must have f−1

k (0) = f−1(0) in C(Ck), and

hence our result follows.
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To prove the next two lemmas, we make use of the Implicit Function Theorem

and one of its many important consequences. Let h : R
3 → R be a continuously

differentiable function, and let p be a point in R
3 such that h(p) = 0. If the gradient

∇h of h does not vanish at p, then h−1(0) is locally a surface in a small neighborhood

around p [62]. Furthermore, if this is true for every point p ∈ R
3 such that h(p) = 0

then h−1(0) is a surface.

Lemma 6.4.5. Let {Ck}k∈K be the set of cubes of the uniform subdivision of conv(D)

built by our algorithm. For every edge e of a cube of {Ck}k∈K, if bdCA(X)∩E(e) 6= ∅,
then bdCA(X) ∩ E(e) and f−1(0) ∩ E(e) are homeomorphic to D

2
.

Proof. From Lemma 6.4.2, we know that bdCA(X)∩E(e) 6= ∅ if and only if f−1(0)∩
E(e) = ∅, for every edge region E(e) of an edge e of a cube in {Ck}k∈K . By

construction, if bdCA(X)∩E(e) 6= ∅ then bdCA(X)∩E(e) is a circle perpendicular

to e and whose center is the midpoint of e and radius is d. So, bdCA(X) ∩ E(e) is

homeomorphic to D
2
. We claim that f−1(0)∩E(e) is also homeomorphic to D

2
. Let

v1 and v2 denote the two vertices (endpoints) of e, and let {Cj}j∈J be the subset

of cubes of {Ck}k∈K that share the edge e. From Claim 6.4.2, E(e) ⊂ supp(wk)

if and only if k ∈ J . So, for every k 6∈ J and for every p ∈ (E(e) ∩ conv(D)),

we have ϕk(p) = wk(p) = 0 and
∑

k∈K ϕk(p) =
∑

j∈J ϕj(p) = 1. This means that

f(p) =
∑

j∈J ϕj(p)fj(p), where fj is the shape function associated with Cj. Let p

be any point in (
⋃

j∈J Cj) ∩ E(e), consider a line l through p and with the same

direction as e. Note that l intersects at least one cube Cj at two points, say p1 and

p2, where p1 (resp. p2) is in the face of Cj that contains v1 (resp. v2). If p is in e,

then p1 = v1 and p2 = v2. Note that p1 ∈ V (v1) and p2 ∈ V (v2), as ‖p1 − v1‖ ≤ d

and ‖p2 − v2‖ ≤ d. To show that f−1(0) ∩ E(e) is homeomorphic to D
2
, we show

that (1) f−1(0) intersects the line segment (p1p2 ∩ (E(e) ∩ conv(D))) at exactly one

point, and (2) the restriction of f to (p1p2 ∩ (E(e) ∩ conv(D))) is either a strictly

increasing or a strictly decreasing function.

From (1) we have that f(q) = 0 for exactly a point q ∈ (p1p2∩ (E(e)∩conv(D))).
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Since f is a smooth function (we tell why in Theorem 6.4.1), (2) implies that the

gradient of f at q is not zero. So, f−1(0) is locally a surface in a small neighborhood

around q. If (1) and (2) hold for every line l through a point p ∈ (E(e) ∩ conv(D))

and parallel to e, the restriction of f−1(0) to (E(e) ∩ conv(D)) must be a surface

with boundary, which is homeomorphic to D
2
. So, we proceed to prove (1) and (2).

Since bdCA(X)∩E(e) 6= ∅, we know that, for every j ∈ J , either fj(v1) > 0 and

fj(v2) < 0 or fj(v1) < 0 and fj(v2) > 0. Since p1 ∈ V (v1) and p2 ∈ V (v2), Proposi-

tion 6.4.2 tells us that sign(fk(p1)) = sign(fk(v1)) and sign(fk(p2)) = sign(fk(v2)),

for every k ∈ K. Furthermore, for any two l,m ∈ K, since fl(v1) = fm(v1) and

fl(v2) = fm(v2), we must have sign(fl(p1)) = sign(fm(p1)) and sign(fl(p2)) =

sign(fm(p2)). From the definition of the trilinear interpolant, we know that fj(p) is

a convex combination of fj(p1) and fj(p2), for every j ∈ J . Since fj(p1) > 0 and

fj(p2) < 0 or fj(p1) < 0 and fj(p2) > 0, the restriction of fj to the line segment

p1p2 is a strictly decreasing function for every j ∈ J , or a strictly increasing function

for every j ∈ J . By the definition of the functions η and wj, the value of ϕj(q)

is the same for every q ∈ (p1p2 ∩ (E(e) ∩ conv(D))). Since
∑

j∈J ϕj(p) = 1 and

ϕj(p) ≥ 0 for every p ∈ (q1q2∩ (E(e)∩ conv(D))), the above observations imply that

f(p) =
∑

j∈J ϕj(p) is either a strictly decreasing or a strictly increasing function. We

also claim that f is zero at a point p ∈ (q1q2∩(E(e)∩conv(D))). This is because, for

every i ∈ {1, 2} and for every q ∈ V (vi), since
∑

k∈K ϕk(q) = 1 and ϕk(q) ≥ 0 and

f(q) =
∑

k∈J ϕk(q), we must have sign(f(q)) = sign(fk(q)). So, for every q1 ∈ V (v1)

and q2 ∈ V (v2), either f(q1) > 0 and f(q2) < 0 or f(q1) < 0 and f(q2) > 0, and

therefore f(p) = 0 for some p ∈ (q1q2 ∩ (E(e) ∩ conv(D))). Finally, since f is either

strictly decreasing or strictly increasing along (q1q2 ∩ (E(e) ∩ conv(D))), there can

be only one point p ∈ (q1q2 ∩ (E(e) ∩ conv(D))) such that f(p) = 0.

Lemma 6.4.6. Let {Ck}k∈K be the set of cubes of the uniform subdivision of conv(D)

built by our algorithm. For every face f of a cube of {Ck}k∈K, if bdCA(X)∩F (f) 6= ∅,
then bdCA(X) ∩ F (f) and f−1(0) ∩ F (f) are homeomorphic to D

2
.
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Proof. From Lemma 6.4.3, we know that bdCA(X)∩F (f) 6= ∅ if and only if f−1(0)∩
F (f) = ∅, for every face region F (f) of a face f of a cube in {Ck}k∈K . From

the construction of {Ck}k∈K , if bdCA(X) ∩ F (f) 6= ∅ then bdCA(X) ∩ F (f) is

homeomorphic to D
2
. We claim that f−1(0) ∩ F (f) is also homeomorphic to D

2

whenever f−1(0) ∩ F (f) 6= ∅. Let {Cj}j∈J be the subset of cubes of {Ck}k∈K that

contain f . Note that {Cj}j∈J contains either one or two cubes, as f may be on the

boundary or in the interior of conv(D), respectively. For each point p ∈ (F (f) ∩
⋃

j∈J Cj), consider a plane π through p and parallel to f , and refer to Figure 6.9.

The intersection of π and
⋃

j∈J Cj is a square [p1, p2, p3, p4] such that each pi is

in the vertex region V (vi) of a vertex vi of f , for i ∈ {1, 2, 3, 4}, and p1, p2, p3,

and p4 is a circular enumeration of the vertices of [p1, p2, p3, p4]. If p ∈ f then

pi = vi and [p1, p2, p3, p4] = f . Since bdCA(X) ∩ F (f) 6= ∅, we know that the

value of fj at the vertices of f cannot be all positive nor all negative. Since pi ∈
V (vi), we have sign(fj(pi)) = sign(fj(vi)) and sign(f(pi)) = sign(fj(pi)). From

Lemma 6.4.5, for each edge [pl, pm] of [p1, p2, p3, p4], we have that sign(f(pl)) 6=
sign(f(pm)) if and only if f−1(0) intersects [pl, pm]. Furthermore, if f−1(0) intersects

[pl, pm], then the intersection is a point in the edge region E([vl, vm]) of [vl, vm], where

l,m ∈ {1, 2, 3, 4}. From Proposition 6.4.3 and from the fact that sign(f(pi)) =

sign(fj(pi)) for every i ∈ {1, 2, 3, 4}, we know that f−1(0) intersects exactly two

edges of [p1, p2, p3, p4]. These edges may or may not share a common vertex of f .

We distinguish these two cases. Without loss of generality, if the edges share a

vertex, assume that they are [p1, p2] and [p2, p3], and then consider the line segment

qt, where q = p2 and t is a point on either [p3, p4] or [p4, p1]. Otherwise, assume

that the intersected edges are [p1, p2] and [p3, p4], and consider the line segment qt,

where q is a point on [p2, p3] and t is a point on [p4, p1]. Now, we can proceed as in

Lemma 6.4.5 to show that

(1) f−1(0) intersects qt at exactly one point in (qt ∩ (F (f) ∩ conv(D))), and

(2) the restriction of f to qt is a strictly decreasing or strictly increasing function.

134



From (1), (2), and the Implicit Function Theorem, f−1(0) ∩ F (f) is homeomorphic

to D
2
.

Lemma 6.4.7. Let {Ck}k∈K be the set of cubes of the uniform subdivision of conv(D)

built by our algorithm. For every cube Ck of {Ck}k∈K, if bdCA(X) ∩ C(Ck) 6= ∅,
then bdCA(X) ∩ C(Ck) and f−1(0) ∩ C(Ck) are homeomorphic to D

2
.

Proof. Let {Ck}k∈K be the set of cubes of the uniform subdivision of conv(D) built by

our algorithm. Lemma 6.4.1 tells us that bdCA(X)∩V (v) = ∅ and f−1(0)∩V (v) = ∅,
for every vertex region V (v) of a vertex v of a cube in {Ck}k∈K . From the proof of

Lemma 6.4.4, for any cube Ck of {Ck}k∈K such that bdCA(X)∩C(Ck) 6= ∅, we know

that f−1(0) = f−1
k (0) in C(Ck). By construction of {Ck}k∈K , bdCA(X) ∩ C(Ck) is

homeomorphic to D
2
. From Claim 6.4.3 and from the proof of Lemma 6.4.4, we can

also conclude that f−1(0) ∩ C(Ck) is homeomorphic to D
2
. So, bdCA(X) ∩ C(Ck)

and f−1(0) ∩ C(Ck) are topologically the same.

Theorem 6.4.1. Let f : conv(D) → R be the function produced by our algorithm

on input (D,X), where (D,X) is a 3D well-composed image. Then, the function f

is a smooth function such that f−1(0) is a surface homeomorphic to the continuous

analog bdCA(X) of the digital boundary between the foreground and background of

(D,X).

Proof. The fact that f is a smooth function follows immediately from the definition

of our weight functions {ϕk}k∈K and shape functions {fk}k∈K , which are smooth

functions, and from the definition of f(p) as
∑

k∈K ϕk(p)fk(p), for every p ∈ conv(D).

The fact that f−1(0) is a surface follows from the fact that f−1(0) is homeomorphic

to bdCA(X). The latter fact follows from three observations. First, vertex, edge,

face, and center regions are disjoint sets. Second, the vertex, edge, face, and center

regions of all vertices, edges, faces, and cubes of the cube subdivision of conv(D)

cover conv(D). Third, the intersection of bdCA(X) and each of these regions is

nonempty if and only if the intersection of f−1(0) and the same region is nonempty.
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Furthermore, whenever the intersection of f−1(0) and a vertex, edge, face, and center

region is nonempty, it is homeomorphic to the intersection of bdCA(X) and the same

region. This is a consequence of Lemmas 6.4.1, 6.4.2, 6.4.3, 6.4.4, 6.4.5, 6.4.6, and

6.4.7. So, f−1(0) must be homeomorphic to bdCA(X).

From Lemmas 6.4.1, 6.4.2, 6.4.3, and 6.4.4, we know that f−1(0) intersects a cube

Ck of {Ck}k∈K if and only if bdCA(X) intersects Ck. So, the distance from any point

in bdCA(X) to a point of f−1(0) is bounded by
√

3 · δ, which is the length of the

diagonal of Ck. Note that this number depends on the spacing between the points

of D only. To formally state this property, we define an r-homeomorphism: Let A

and B be two sets in R
3, and let h : A → B be a homeomorphism. We say that

h is a r-homeomorphism, where r is some nonnegative constant, if ‖p − h(p)‖ ≤ r

for all p ∈ A. If h is an r-homeomorphism, then we say that the sets A and B are

r-homeomorphic.

Another important feature of f−1(0) is that it separates the background points

from the foreground points of (D,X). To see why, recall that, for every point p ∈ D,

the value g(p) of the function g in (6.3) at a point p of D is never zero, and g(p) < 0

if p is in X and g(p) > 0 if p is in Xc = D \ X. Since f(p) = g(p) for every p ∈ D,

we must have that p is the inside of f−1(0) if p ∈ X and p is in the outside of f−1(0)

if p ∈ Xc.

Corollary 6.4.1. Let f : conv(D) → R be the function produced by our algorithm

on input (D,X), where (D,X) is a 3D well-composed image. Then, the following

hold:

1. bdCA(X) and S = f−1(0) are
√

3 · δ-homeomorphic.

2. The surface f−1(0) separates the background from the foreground points of

(D,X).
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6.5 Results and Discussion

We tested our algorithm against the 3D well-composed images resulting from the

application of our algorithm in Chapter 5 to the six binary images images in Fig-

ures 5.8-5.13. For each image, we measured the time our algorithm took to construct

the function f : conv(D) → R, where D is the image domain. In addition, we built a

simple program for evaluating f and its gradient ∇f at 20,000,000 points randomly

chosen from conv(D). We measured the time this program took to finish when given

the function f corresponding to each image. Table 6.1 shows the results of our time

measurements.

We intend to compare the results in Table 6.1 with those obtained by some freely

available and fast implementation of compactly supported RBF interpolants or by

the MLS-based interpolant of Shen, O’Brien, and Shewchuk [118]. Since an RBF

interpolant is built from a set of points, rather than a piecewise linear surface, we

must carefully design an experiment that may be considered a “fair” comparison.

This is not the case with the MLS-based interpolant of [118], as such an interpolant

is built from a set of polygons.

Since the images have the same size, and since the time and space complexities

to construct and evaluate f depend solely on the image size, the results shown in

Table 6.1 are consistent, i.e., the construction and evaluation times of each image are

basically the same. Figure 6.10(a) shows a ray traced image of a C0-surface built by

joining the level set of the trilinear interpolant. Figure 6.10(b) shows a ray traced

image of C∞-surface built by our algorithm from the trilinear interpolants used in

Figure 6.10(a).

We intend to modify our algorithm by using an adaptive rather than uniform

space decomposition of the image domain. The idea is to relax the approximation

bound on the distance from points in bdCA(X) to the resulting smooth surface S

(see Corollary 6.4.1), so that S will look less “jaggy”, and therefore it will be more

suitable for visualization purposes. Furthermore, the time to evaluate the function
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Table 6.1: The first column identifies the image. The second column shows the time

in seconds that our algorithm took to construct f . The third column shows the time

in seconds to evaluate f at 20,000,000 points randomly chosen from the domain of

f . The fourth column shows the time in seconds to evaluate ∇f at 20,000,000 points

randomly chosen from the domain of f . All tests were performed on a Powerbook

G4 with a 1.5GHz processor and 512MB of RAM.

Image C. T. E. T. of f E. T. of ∇f

Brain (CSF) 18.6 417 750

Brain (GM) 19.6 441 724

Brain (WM) 15.3 417 715

Lung (EXP) 18.7 416 710

Lung (INS) 18.8 417 715

Thorax 18.3 416 711

f will be shortened.

We also intend to extend our algorithm so that it can deal with arbitrary piece-

wise linear surfaces. By arbitrary, we mean that the piecewise linear surface is not

restricted to be the continuous analog of the digital boundary between the fore-

ground and background of a 3D well-composed image. To implement this extension,

we will need an algorithm for computing a uniform cube subdivision of a box-shaped

region containing the piecewise linear surface such that the intersection of any sub-

division cube and the piecewise linear surface is either empty or homeomorphic to

D
2
. Also, we will need to compute the distance from each vertex of a cube subdivi-

sion to the piecewise linear surface. If both tasks can be done efficiently, then the

resulting algorithm may be more attractive than previous algorithms for the same

problem [143, 118].
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(a) (b)

Figure 6.10: (a) C0-continuous surface defined by the level set of eight trilinear

interpolants (one for which octant of the “sphere”). (b) C∞-continuous surface built

by our algorithm from the trilinear interpolants used for defining the C0-continuous

surface in (a).
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Chapter 7

Surface Meshing: Part I

As we saw in Chapter 4, the third and last step of our solution for the surface meshing

problem generates a simplicial surface S ′ ⊂ R
3 from a given smooth surface S ⊂ R

3

such that S ′ is homeomorphic to S. The surface S is defined as the zero level set

f−1(0) of an implicit function f : U ⊂ R
3 → R. To compute S ′ ⊂ R

3, we use a

simplified version of an algorithm by Cheng, Dey, Ramos, and Ray [26]. Here, we

describe the original algorithm. The details of our simplified version are described

in the next chapter.

7.1 Preliminaries

Voronoi Diagram

Definition 7.1.1. Let P ⊂ R
n be a finite set of points. For each point q of P , we

define the Voronoi region V(q) of q,

V(q) = {x ∈ R
n | d(x, q) ≤ d(x, r), ∀r ∈ P}. (7.1)

Note that each inequality in (7.1) defines a closed half-space, and thus V(q) is the
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intersection of a finite set of such half-spaces, which implies that V(q) is a convex

set.

The set V(q) can be unbounded (for instance, if the set P is a unit or a binary

set). In fact, it can be shown that V(q) is unbounded if and only if the site q belongs

to the convex hull conv(P ) of P [104]. Furthermore, if P has m sites then the

boundary of V(q) consists of up to m− 1 (n− 1)-dimensional faces; the boundary of

a (n − 1)-dimensional face of V(q) consists of (n − 2)-dimensional faces, and so on.

In particular, a 1-dimensional face is called a Voronoi edge and a 0-dimensional face

is called a Voronoi vertex.

Definition 7.1.2. All Voronoi regions of points of P together with their common

faces, edges, and vertices form the Voronoi diagram V(P ) of P . We call each point

q ∈ P a site or generator of V(P ) in order to distinguish them from the other points

in R
n.

An example of a Voronoi diagram V(P ) for a set P of points in R
2 is given in

Figure 7.1.

Figure 7.1: Voronoi diagram of a set of points in R
2.
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A point p ∈ R
n that belongs to m Voronoi regions is equally far from the m sites

of these Voronoi regions. It follows that the m sites lie on a common (n− 1)-sphere

in R
n. It can be shown that, if P is in general position, i.e., if no n + 2 sites of P

lie on a common (n − 1)-sphere, then m ≤ n + 1 [16]. Furthermore, if r is a vertex

of V(P ) and P is in general position, then r is the common point of exactly n + 1

Voronoi regions. If P is not in general position then r is the common point of at

least n + 1 Voronoi regions. In particular, if P is a subset of R
3 and P is in general

position and no four points of P lie in a common circle in R
3, then every vertex r of

a Voronoi region V (r) in V(P ) belongs to exactly three three-dimensional faces and

three edges of V (r).

From the definition of a Voronoi region, we have that the sphere centered at a

vertex r of V(P ) and containing the sites of the Voronoi regions that meet at r cannot

contain any sites of P inside it. This is known as the empty-sphere property. The

Voronoi diagram V(P ) also satisfies the nearest-neighbor property: If r ∈ P is the

nearest-neighbor of s ∈ P , then V(r) and V(s) share a common (n− 1)-dimensional

face.

Delaunay Complex

Let V(P ) be the Voronoi diagram generated by a finite set P ⊂ R
n of m distinct

points in R
n such that m ≥ n+1 and not all points in P lie in a common hyperplane

of R
n.

Definition 7.1.3. We define the Delaunay complex D(P ) of P as the dual of V(P ).

That is, if V = {v1, . . . , vk} is the set of Voronoi vertices of V(P ), then D(P ) is the

polytopal complex consisting of T1, . . . , Tk and their boundary elements such that,

for every i ∈ {1, . . . , k},

Ti =
{

x ∈ R
n | x =

mi
∑

j=1

λjqi,j,

mi
∑

j=1

λj = 1, λj ≥ 0
}

,
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where {qi,1, . . . , qi,mi
} ⊆ P is the set of sites of V(P ) meeting at the Voronoi vertex

vi, and mi (mi ≤ m) is the number of elements of {qi,1, . . . , qi,mi
}.

Note that if mi = n + 1 and {qi,1, . . . , qi,mi
} is a set of n + 1 affinely independent

points then Ti is a n-simplex. In fact, if mi = n + 1 and qi,1, . . . , qi,mi
are affinely

independent for every i ∈ {1, . . . , k}, it can be shown that D(P ) is a simplicial

complex [16].

Definition 7.1.4. Whenever D(P ) is a simplicial complex, we say that D(P ) the

n-dimensional Delaunay simplicial complex or n-dimensional Delaunay tessellation

Dn(P ) of P . If n = 2 (resp. n = 3), we also refer to Dn(P ) as the Delaunay

triangulation (resp. Delaunay tetrahedrization or Delaunay tetrahedralization) of P .

If mi > n + 1 for some Ti, and if there is at least one subset of n + 1 affinely

independent points of {qi,1, . . . , qi,mi
}, then Ti is a n-dimensional convex polyhedron

and we can partition Ti into (mi − n) openly disjoint n-simplices by cutting Ti with

hyperplanes passing through its vertices. So, we can always define a n-dimensional

Delaunay tessellation Dn(P ) of P from the Delaunay complex D(P ). However, there

can be more than one partition of Ti into (ni−m) n-simplices, and thus we can define

more than one n-dimensional Delaunay tessellation Dn(P ) of P . Otherwise, Dn(P )

is unique.

Figure 7.2 illustrates the duality between D2(P ) and V(P ), where P is the set

of points in Figure 7.1. Each vertex of D2(P ) is a site of V(P ), each edge of D2(P )

connects two sites q and r of V(P ) and is the dual of the edge of V(P ) defined by the

bisector line of p and q, and each triangle of D2(P ) is the dual of the Voronoi vertex

of V(P ) shared by the Voronoi regions whose sites are three vertices of the triangle.

Similarly, the vertices of a Delaunay tetrahedrization D3(Q) of a set Q ⊂ R
3 are the

sites of V(Q), the edges of D3(Q) are the dual of facets of V(Q), the facets of D3(Q)

are the dual of the Voronoi edges of V(P ), and the tetrahedra of D3(Q) are the dual

of the Voronoi vertices of V(Q).
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Due to the empty-sphere property, the circumsphere of any n-simplex σ of a n-

dimensional Delaunay tessellation Dn(P ), i.e., the (unique) (n − 1)-sphere defined

by the n + 1 vertices of σ, contains no points of P inside it. Note that the center of

the circumsphere (circumcenter) of an n-simplex σ ∈ Dn(P ) is the Voronoi vertex

which is the dual of σ in V(P ). Likewise, the nearest-neighbor property implies that

the edges of the n-dimensional Delaunay tessellation Dn(P ) of P connect the nearest

vertices of Dn(P ).

The underlying space of the n-dimensional Delaunay tessellation Dn(P ) of P is

precisely the convex hull conv(P ). It follows that Dn(P ) is a conforming mesh of

conv(P ). There are several algorithms for computing the n-dimensional Delaunay

tessellation Dn(P ) of a given subset P of R
n, and if the set P has m points, this

simplicial complex can be computed in time O(m log m+mdn/2e), and this is optimal

in the worst case [16].

Figure 7.2: Delaunay triangulation of the set of points in Figure 7.1.
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Restricted Voronoi Diagram and Its Dual

Throughout the remainder of this chapter, let S ⊂ R
3 denote a smooth and compact

surface, and we let W ⊂ S be a finite set of points on S. We also assume that

|W | ≥ 4, where |W | is the cardinality of W , and that the points of W are in general

position, i.e., no four points of W lie in a circumference, and no five points of W are

co-spherical.

Definition 7.1.5. The Voronoi neighborhood restricted to S of p ∈ W , V(S, p), is

the set

V(S, p) = S ∩ V(p),

where V(p) is the Voronoi neighborhood in R
3 of p ∈ W .

Definition 7.1.6. The Voronoi diagram restricted to S, V(W,S), is the set

V(W,S) = {V(S, p) | p ∈ W}.

For any subset Y ⊆ W , we will consider the subsets

V(Y ) = {V(p) | p ∈ Y } ⊆ V(W ) and V(Y, S) = {V(S, p) | p ∈ Y } ⊆ V(W,S),

and their common intersections

⋂

V(Y ) and
⋂

V(Y, S) = S ∩ (
⋂

V(Y )).

Definition 7.1.7. Dual to the restricted Voronoi diagram V(W,S) is the Delaunay

simplicial complex restricted by S,

D3(W,S) = {σY | Y ⊂ W,
⋂

V(Y, S) 6= ∅},

where σY is the simplex spanned by the point in Y , i.e., the convex hull, conv(Y ),

of Y .

Figure 7.3 illustrates the concept of a Delaunay simplicial complex restricted by

a surface using an analogy with the 2D case, i.e., a Delaunay simplicial complex

restricted by a curve.
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(a) (b)

Figure 7.3: (a) Voronoi diagram of a set of points sampled on a smooth curve.

(b) Delaunay simplicial complex restricted by the curve in (a). The edges of the

restricted Delaunay complex (black lines) are the dual of the Voronoi edges that

intersect the curve.

7.2 Related Work

The goal of the algorithm in [26] is to compute a set of points W on a given smooth

surface S such that D3(W ) satisfies the topological property, i.e., the triangles of

D3(W ) (along with their vertices and edges), which are dual of the Voronoi edges of

V(W ) that intersect S, form a simplicial complex S ′ whose underlying surface |S ′| is

homeomorphic to S. This simplicial complex S ′ is the Delaunay simplicial complex

of W restricted by S. An important feature of the algorithm in [26] is that the

triangles of S ′ are all well-shaped, i.e., the smallest angle of any triangle is bounded

from below by about 30o.

Chew [31] introduced the first algorithm for computing a restricted Delaunay sim-

plicial complex for a given smooth surface. His algorithm is guaranteed to generate a

restricted Delaunay simplicial complex whose triangles are all well-shaped. However,

the underlying surface of the resulting restricted Delaunay complex is not guaran-

teed to be homeomorphic to the input surface. Later, Edelsbrunner and Shah [41]

showed that if a set of sampled points on the given surface and its Voronoi diagram
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satisfy certain conditions (see Section 7.3 and Section 7.4), then the underlying sur-

face of the restricted Delaunay simplicial complex of the sampled points has the same

topology as the given surface.

Using the sampling strategy of Chew’s algorithm for obtaining well-shaped trian-

gles, Cheng, Dey, Edelsbrunner, and Sullivan [24] proposed an algorithm for building

restricted Delaunay simplicial complexes from a special type of surface, called skin

surfaces, where the sampled point set and its Voronoi diagram satisfy the conditions

given in [41]. Furthermore, the triangles of the output complex are also guaranteed

to be well-shaped.

More recently, Boissonnat and Oudot [15] developed an algorithm that can com-

pute restricted Delaunay simplicial complexes from general surfaces. This algorithm

provides the same topological and geometric guarantees as the ones in [24] and [26].

In addition, it also ensures that the underlying surface of the resulting simplicial

surface,|S ′|, is r-homeomorphic to the input surface S for a small positive constant

r.

The main drawback of the algorithm by Boissonnat and Oudot [15] is that it

requires knowledge of the distance to the medial axis, i.e., the Euclidean distance

from a point on the surface to its closest point in the medial axis of the surface.

Since there is no known algorithm for computing the exact medial axis of a general

smooth surface [22], and since existing algorithms for approximate computations

require a dense sampling of the surface with respect to the distance to the medial

axis function [37], the necessary condition for the guarantee provided in [15] is hardly

obtained in practice.

Although the algorithm in [26] does not require any knowledge about the medial

axis of the input surface S, it does require the computation of critical and silhouette

points of S. There are numerical methods for computing these points, but several

surfaces may contain geometric degeneracies, such as infinitely many critical points,

that prevent the use of the available numerical routines. Fortunately, if the input
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surface is a smooth surface defined by the construction in Chapter 6, such numerical

computations can be avoided and replaced by much simpler geometric and topological

operations.

7.3 Generic Intersection and Genericity

Most of the results in this chapter are concerned with the intersection of Voronoi

faces of V(W ) with S. To make the discussion of the results of this chapter clearer,

we further assume that the position of the points of W are non-degenerate. By

non-degenerate, we specifically mean that

(1) the Voronoi vertices of V(W ) are not points of S,

(2) the supporting line of each Voronoi edge of V(W ) is transverse to S, and

(3) any line that belongs to the supporting plane of a Voronoi facet of V(W ) is

transverse to S.

Definition 7.3.1. We say that a line l is transverse to S if either l ∩ S = ∅ or if,

for all p ∈ (l ∩ S), the unit vector ~l (or −~l), where ~l is the direction vector of l, does

not belong to TpS, where TpS is the tangent space of S at p.

Refer to Figure 7.4 for an illustration of Definition 7.3.1.

Assumption (1) implies that the intersection between S and a Voronoi edge of

V(W ) cannot include an endpoint of the edge. This means that the intersection

between S and a Voronoi edge of V(W ) is equal to the intersection of S and the

interior of the edge. Assumptions (1) and (2) imply that S intersects a Voronoi edge

of V(W ) in at most finitely many points, and that no Voronoi edge can tangentially

meet S at a point. Assumption (3) implies that the intersection between S and a

Voronoi facet of V(W ) is either empty or a set of disjoint curves, and that no Voronoi

facet can tangentially meet S at a point.
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l

S S

l

Figure 7.4: A line l transverse to a smooth surface S.

Generic Intersection Condition: We say that V(W ) intersects S generically if the

points of W are non-degenerate, or equivalently, if the aforementioned assumptions

(1), (2), and (3) hold.

While assumptions (1), (2), and (3) are hardly satisfied in practice, we can numer-

ically simulate these assumptions by using conceptual perturbation techniques [40,

141]. These techniques rely on the fact that the set of lines l that intersect S transver-

sally is dense in R
3. Roughly speaking, this means that a slight perturbation in the

position of the points of W will cause assumptions (1), (2), and (3) to hold with

high probability [62].

We now state a condition from [41] under which the Delaunay simplicial complex

restricted by S, D3(W,S), is the underlying space of a simplicial surface that is

homeomorphic to S:

Closed Ball Property: Assume that VW intersects S generically. Then, we say

that V(W,S) satisfies the closed ball property if the intersection of S and each Voronoi

face of dimension n of V(W ) is either the empty set or it is homeomorphic to a closed

ball in R
(n−1), for short, a closed (n − 1)-ball.

The following important theorem from [41] establishes a relationship between the

topology of S and the Delaunay simplicial complex restricted by S, D3(W,S):
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Theorem 7.3.1. Let S ⊂ R
3 be a surface, and let W ⊂ S be a finite set of points

on S such that the points in W are in general position and the Voronoi diagram

V(W ) of W in R
3 intersects S generically. If the Voronoi diagram restricted to S,

V(W,S), satisfies the closed ball property, then the Delaunay simplicial complex re-

stricted by S, D3(W,S), is a simplicial surface whose underlying surface, |D3(W,S)|,
is homeomorphic to S.

Let Br(c) be a closed 3-ball with center c and radius r, where r > 0. We say that

Br(c) is empty with respect to S if the interior of Br(c) contains no point of S. We

say that Br(c) is a medial ball if (1) Br(c) is empty, and (2) Br(c) is a maximal ball,

i.e., it is not properly contained in any other closed 3-ball. The center of a medial

ball is either a point with more than one closest point to S, or a center of curvature

of S [7]. The medial axis of S is the closure of the set of points that are the centers

of medial balls of S.

Definition 7.3.2. We define the distance to the medial axis function, dM(p), as the

minimum Euclidean distance from a point p ∈ S to any point of the medial axis of

S.

The distance to the medial axis function can be viewed as a local measure of “level

of detail” on S; that is, if the medial axis is close to S then either the curvature of

S is high or some other patch of S is nearby (the thickness of the surface is small).

Since S is a smooth surface, the distance from any point on S to the medial axis is

always greater than zero, and therefore dM(p) > 0 for every p ∈ S. If that was not

the case, the medial axis could meet S at a point p (e.g., when p is a sharp corner

of S), and hence dM(p) = 0. The dM function also satisfies the following Lipschitz

property proved in [5]:

Lemma 7.3.1. Let S ⊂ R
3 be a surface. Then, for any two points p and q of S,

|dM(p) − dM(q)| ≤ ‖p − q‖.
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Assume that S is given as the zero level set, S = f−1(0), of a smooth function

f : R
3 → R.

Definition 7.3.3. Given a unit vector ~d = (d1, d2, d3) in R
3, a point p ∈ S is said

to be a critical point of S in the direction ~d if and only if the normal to S at p is

parallel to ~d (and −~d).

For any point p ∈ S, the gradient ∇f(p) = (∂f
∂x

(p), ∂f
∂y

(p), ∂f
∂z

(p)) of S at p is normal

to S at p. So, the normal to S at p is parallel to ~d or −~d when ∂f/∂x
d1

= ∂f/∂y
d2

= ∂f/∂z
d3

.

Hence, the critical points of S are the solution for the system of equations f(p) = 0,

∂f
∂x

d2 − ∂f
∂y

d1 = 0 and ∂f
∂x

d3 − ∂f
∂z

d1 = 0. We denote the set of critical points of S in

the direction ~d as Z~d.

Definition 7.3.4. The silhouette of S with respect to a unit vector ~d in R
3 is the

set of points J~d,

J~d = {p ∈ S | ~np · ~d = 0},

where ~np is the unit normal to S at p.

Genericity Condition: We say that S satisfies the genericity condition if the set

Z~d of critical points of S in the direction ~d has finitely many points and these points

are “isolated”, for all ~d ∈ R
3.

Under the genericity condition, the silhouette J~d of S is a set of smooth, pairwise

disjoint closed curves [56]. The following lemma from [26] states an important fact

regarding silhouette:

Lemma 7.3.2. Let S ⊂ R
3 be a smooth surface, and let M ⊂ S be a connected,

compact surface with boundary such that the boundary of M is a single cycle. Then,

for any unit vector ~d in R
3, if M does not intersect the silhouette J~d of S, the surface

M is homeomorphic to D
2
.
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7.4 Closed Ball Property

Recall that the goal of the algorithm in [26] is to build a Delaunay simplicial com-

plex restricted by a given smooth surface S, D3(W,S), such that the underlying

surface |D3(W,S)| of D3(W,S) is guaranteed to be homeomorphic to S, where W is

a finite set of points on S obtained by the algorithm. To ensure that |D3(W,S)| is

homeomorphic to S, the algorithm computes a (non-degenerate) point set W such

that V(W,S) satisfies the closed ball property. From Theorem 7.3.1, if V(W,S) sat-

isfies the closed ball property and VW intersects S generically, then we know that

|D3(W,S)| is homeomorphic to S.

In what follows, we present several results from [26] that show that whenever the

topological ball property is violated, we can find a point on S that is not in W and

is at least k · dM(p) away from all points in W , where k > 0 is a constant and p

is a point in W . These results indicate which points from S the algorithm should

include into W , and they will be used to show that the algorithm always terminates

and produces a correct solution. Throughout this section we shall assume that VW

intersects S generically, and that S satisfies the genericity condition introduced in

Section 7.3.

The closed ball property tells us that the intersection of S and a Voronoi edge

e of the Voronoi neighborhood V(p) in R
3 of any point p of W is either empty or a

single point. The next lemma from [26] states that if this property is violated, then

there is a point on S that is at least k ·dM(p) far away from all existing points in W ,

where k is a constant. All results from [26] described below can be shown to hold

for k equal to 0.06.

Lemma 7.4.1. Let e ∈ V(p) be a Voronoi edge of the Voronoi neighborhood V(p) of

a point p ∈ W . If e intersects S in two or more points, then the intersection point

of e and S which is furthest from p is at least k · dM(p) away from p.

The closed ball property tells us that the intersection between S and a Voronoi
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facet f of a Voronoi neighborhood V(p) of a point p ∈ W is either empty or homeo-

morphic to a closed arc. The next two lemmas from [26] state that if the closed ball

property is violated for f ∩ S, then there is a point on S that is at least k · dM(p)

far away from all existing points in W (refer to Figure 7.5).

(a) (c)(b)

Figure 7.5: (a) An edge of a Voronoi facet intersects S in more than one point. (b)

The intersection between S and a Voronoi facet is a cycle. (c) S intersects a Voronoi

facets in two curve segments, and S does not intersect an edge of the facet in more

than one point.

Lemma 7.4.2. Let f ∈ V(p) be a Voronoi facet of the Voronoi neighborhood V(p)

of a point p ∈ W such that that f ∩ S contains a cycle C (simple and closed curve).

Let l be any line in the supporting plane of f that is normal to C at a point q ∈ C.

Then, the furthest point from p in the intersection l ∩ C between l and C is at least

k · dM(p) away from p.

Lemma 7.4.3. Let f ∈ V(p) be a Voronoi facet of the Voronoi neighborhood V(p)

of a point p ∈ W such that that f ∩ S contains at least two curve segments, each of

which is homeomorphic to a closed arc. Further, assume that each Voronoi edge of

V(p) intersects S in at most one point. Then, the furthest point from p which lies in

a Voronoi edge of V(p) and in f ∩ S is at least k · dM(p) away from p.

The next two lemmas concern the intersection between S and the Voronoi neigh-

borhoods of V(W ):
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Lemma 7.4.4. Let V(p) be a Voronoi neighborhood of a point p ∈ W such that V(p)

contains a point q in the silhouette J~d of S, where ~d is the unit normal of S at p.

Then, the Euclidean distance ‖p − q‖ from p to q is at least k · dM(p).

Lemma 7.4.5. Let V(p) be a Voronoi neighborhood of a point p ∈ W such that

V(p) ∩ S is a surface with boundary. If the boundary of V(p) ∩ S has at least two

cycles, none of which resides on a single facet of V(p), then there is a point of S in

a Voronoi edge of V(W ) which is at least k · dM(p) away from p.

7.5 Numerical Computations

The algorithm in [26] for building a simplicial approximation to a given S uses the

following subroutines to carry out numerical computations involving S and Voronoi

edges and facets:

• CritSurf(S,~d): This subroutine solves the system of equations described

before to obtain Z~d.

• CritCurve(S,F ): This subroutine computes the critical points of a height

function defined on the curve of intersection between S and the supporting

plane of a Voronoi face F . Let p′ = Mp be a linear transformation of the

coordinate axes that identifies the x′-y′ plane with the supporting plane of F

and y′ with the projection of the z-axis on the supporting plane of F . By letting

g(p′) = f(M−1p′) = 0, where f : R
3 → R is the implicit function defining

S, we obtain S in the new coordinate axis frame. The equation e(p′1, p
′
2) =

g(p′1, p
′
2, 0) = 0 gives the implicit equation of the curve in which S intersects the

supporting plane of F . The system of equations e(p′1, p
′
2) = 0, ∂e

∂p′
1

(p′1, p
′
2) = 0

gives the critical points of S that belong to the curve e(p′1, p
′
2) = 0.

• SilhFacet(S,F ,~d): This subroutine determines the intersection points of the

silhouette J~d of S with the supporting plane of the Voronoi facet F . let ~n · (p−
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p0) = 0 be the equation of the supporting plane of F , where ~n is a unit vector

perpendicular to the supporting plane of F , and p0 is a point in this plane.

The required points are the solutions of the system of equations f(p) = 0,

~n · (p − p0) = 0, and ∇f(p) · ~d = 0.

• CritSilh(S,~d,~d′): This subroutine computes the critical points of S on the

silhouette J~d of S, where ~d′ is orthogonal to ~d. The silhouette is given by

two implicit equations f(p) = 0 and g(p) = ∇f(p) · ~d = 0. The tangent to

the silhouette at p is given by ∇f(p) ×∇g(p), where ∇g(p) is the gradient of

g. Thus, the critical points of J~d along ~d′ are the solutions of the system of

equations f(p) = 0, g(p) = 0, and (∇f(p) ×∇g(p)) · ~d′ = 0.

• EdgeSurface(S,e): This subroutine determines the intersection points of

a Voronoi edge e with the surface S. One way to do this is to align the

x-axis with the line e by using a linear transformation p′ = Mp and then

setting p′2 and p′3 to zero in the equation g(p′) = f(M−1p′) = 0. The equation

e(p′) = g(p′1, 0, 0) = 0 is an equation in a single variable p′1, and its solution

gives the intersection points of S and the supporting line of e and S. Among

these intersection points, we can select the ones delimited by the endpoints of

e.

All subroutines above can be implemented using numerical methods available for

this purpose [74]. However, the input surface S must satisfy the genericity condi-

tion stated in Section 7.3. Otherwise, the set of points computed by CritSurf(),

CritCurve(), SilhFacet(), or CritSilh() may contain infinitely many points,

and hence either this set will not be entirely computed or the computation will never

end.
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7.6 The Algorithm

The algorithm in [26] builds a simplicial surface (i.e., D3(W,S)) that approximates a

given S. The simplicial surface is guaranteed to be homeomorphic to S, its triangles

are guaranteed to be well-shaped, and its size is optimal with respect to a criterion

discussed later.

7.6.1 Topological Sampling

The first step of the algorithm, called topological sampling, generates a simplicial

surface that is homeomorphic to S. The idea behind this step is to insert points of

S into W as long as V(W ) does not satisfy the closed ball property. Initially, W

is populated with all critical points Z~d of S, where ~d = (0, 0, 1). These points are

called seed points, and they are computed by CritSurf(). Next, the algorithm uses

four subroutines, namely VorEdge(), TopoDisk(), FacetCycle(), and Silhou-

ette(), necessarily in this order, to insert additional points into W while D3(W,S)

does not satisfy the closed ball property.

We first describe VorEdge(), TopoDisk(), FacetCycle(), and, Silhou-

ette(), and then we show that the topological sampling step ensures the closed ball

property.

• VorEdge(e ∈ V(p)): If EdgeSurface(S,e) computes two or more points of

intersection between S and e, insert the point that is furthest from p among

them into W .

Let Tp be the set of triangles of D3(W,S) that are incident to a point p of

W . TopoDisk() verifies if the underlying space |Tp| of the simplicial complex Tp

consisting of the triangles in Tp, along with their vertices and edges, is homeomorphic

to a disk. This is done by first checking if each edge incident to p in Tp has exactly

two incident triangles from Tp. If so, TopoDisk() checks if there is exactly one
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cycle of triangles in Tp around p. Note that |Tp| is homeomorphic to D
2

if and only

if none of the two tests fail.

• TopoDisk()(p): If |Tp| is not homeomorphic to D
2
, insert into W the inter-

section point between S and a Voronoi edge of V (p) which is furthest from

p.

FacetCycle() checks if a facet of V(W ) intersects S in a cycle. If so, it does

insert a point from the cycle into W . This point is computed by CritCurve(). Oth-

erwise, it does nothing. Silhouette() checks if a Voronoi neighborhood of V(W )

contains a point of the silhouette. If so, this point is inserted into W . Silhouette()

uses CritSilh() and SilhFacet(). Both FacetCycle() and Silhouette() are

described in details below.

• FacetCycle(f ∈ V(p)): Let Y be the point set given by CritCurve(S, f).

If q ∈ Y lies inside V(p), consider the line l which is the projection onto f

of the line through q and parallel to the z-axis. Note that l is normal to the

intersection curve of S and f at q by construction. If l intersects S at any

point other than q in V(p), insert into W the point among such intersection

points which is furthest from p.

• Silhouette(V(p)): Compute the unit normal ~np of S at p. This is done by

computing the gradient ∇f(p) of the implicit function f defining S. Choose

a unit vector ~d orthogonal to ~np. Let Y be the point set computed by Crit-

Silh(S,~np, ~d). If Y ∩ V(p) 6= ∅ then insert one point of Y ∩ V(p) into W .

Otherwise, for each facet g ∈ V(p), let U be the point set computed by Silh-

Facet(S, g, ~d). If U ∩ g 6= ∅ for some facet g then insert one point of U ∩ g

into W .

VorEdge(), TopoDisk(), FacetCycle(), and Silhouette() are called by

a subroutine called Topology() as follows:
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• Topology(W )

1. Check if any of VorEdge(), TopoDisk(), FacetCycle(), and Sil-

houette(), necessarily in this order, inserts a point into W . If so, update

V(W ) and repeat this step.

2. Return W .

As we mentioned before, topological sampling initializes W with the seed points,

and then calls Topology(W ). The next lemma from [26] states that if Topol-

ogy() terminates, then V(W ) satisfies the closed ball property.

Lemma 7.6.1. If the input point set W to Topology() includes all critical points

of S for a direction and Topology() terminates, the closed ball property holds for

V(W ) at the end of its execution.

Proof. Since Topology() terminates, VorEdge() cannot insert a point into W .

This means that the intersection between any edge of V(W ) and S is either empty

or a single point. So, the closed ball property holds for all edges of V(W ). Aiming

at a contradiction, assume that a Voronoi facet f of V(W ) intersects S in more than

one curve segment, or cycle, or a combination or both. If there is more than one

curve segment, S must intersect more than two Voronoi edges of f , as no Voronoi

edge intersects S in more than one point. This means that the dual Delaunay edge

of f in DW is incident to more than two triangles of D3(W,S). But, this violates

the topological disk condition imposed by TopoDisk() for some point p ∈ W . So,

TopoDisk() would have inserted a point in W , which contradicts the fact that

Topology() terminates. Now, consider the case in which f intersects S in some

cycle C. But, if this is the case, then FacetCycle() would have inserted a point

into W , which contradicts the fact that TopoDisk() terminates. So, the intersection

between S and a Voronoi facet f of V(W ) must be either empty or a curve segment

homeomorphic to a closed arc. Thus, the closed ball property also holds for the facets

of V(W ). Now, consider the intersection between S and a Voronoi neighborhood V(p)
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of V(W ), for some p ∈ W . Since S is a surface without boundary, and since the

closed ball property holds for the edges and facets of V(W ), the intersection between

S and V(p) is either empty or a surface possibly with boundary. This surface cannot

contain a connected component M without boundary, as the maxima and minima of

M are computed by CritSurf and inserted into W before Topology() is executed.

So, we are left with the cases in which (1) M is a connected, compact surface with a

single boundary cycle, and (2) M is a connected, compact surface with more than one

boundary cycle. Consider case (1). We claim that M is homeomorphic to D
2, (i.e., a

disk or closed 2-ball). Otherwise, from Lemma 7.3.2, M must intersect the silhouette

J~d of S, where ~d is the unit normal ~np of S at p. Let ~d′ be the direction orthogonal to

~d chosen by Silhouette() for its computation of the set W . If M contains a closed

curve from J~d, then there exists a point in J~d which is critical along the direction

~d′. This point is computed by Silhouette(), which would trigger its insertion into

W , contradicting the fact that Topology() terminates. If M does not contain any

closed curve from J~d, a curve from it must intersect a Voronoi facet f of V(W ). So,

Silhouette() computes a point using SilhFacet() which lies in f . Again, this

would trigger the insertion of this point into W , which contradicts the fact that

Topology() terminates. Finally, consider case (2). Since the closed ball property

holds for the edges and facets of V(W ), each boundary cycle of M intersects a cycle

of Voronoi edges. The dual of each cycle of edges is a set of triangles of D3(W,S)

around p. Since none of the Voronoi edges intersect S in more than one point, each

cycle induces a distinct and disjoint cycle of triangles around p. But, this violates

the topological disk condition imposed by TopoDisk(), and therefore TopoDisk()

would trigger the insertion of a point into W , which contradicts the termination of

Topology(). So, the intersection between S and V(p) must be either empty or

homeomorphic to a closed 2-ball.

The next lemma states a result that ensures the termination of Topology().

Basically, we can show that every point inserted by Topology() into W is at
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least k · dM(p) away from its closest point p ∈ W . Since S is compact, Topology()

cannot keep inserting points into W indefinitely. From Lemma 7.6.1, the termination

of Topology() implies that the closed ball property holds for V(W ), and thus

D3(W,S) is indeed a simplicial surface whose the underlying surface is homeomorphic

to S.

Lemma 7.6.2. Any point inserted by Topology() into W is more than k · dM(p)

away from its closest point p in W .

Proof. Lemma 7.4.1, Lemma 7.4.2, and Lemma 7.4.4 imply that any point inserted

by VorEdge(), FacetCycle(), and Silhouette() into W is at least k · dM(p)

away from its closest point p in W . So, we are left with the analysis of TopoDisk().

Recall that the triangles of D3(W,S) incident to a point p of W violate the topological

disk condition if (1) an edge is not incident to two triangles, or (2) two or more cycles

of triangles are incident to p. Consider case (1). If an edge e of D3(W,S) is incident

to only one triangle of D3(W,S), then S intersects the dual face f of e in a single

Voronoi edge. Since S has no boundary, f ∩ S cannot have an endpoint that is

not on e. So, S must intersect e in more than one point. But, this is not possible,

as VorEdge() has eliminated such cases before the execution of TopoDisk(). If

there are three or more triangles of D3(W,S) incident to e, then the dual face f

of e in V(W ) intersects S in more than one curve segment. From Lemma 7.4.3,

TopoDisk() inserts a point into W that is at least k · dM(p) away from p. Finally,

consider case (2). If there are more than one cycle of triangles of D3(W,S) around

p, then V(p)∩ f has at least two boundary cycles, none of which lie completely in a

Voronoi facet of V(p). From Lemma 7.4.5, TopoDisk() inserts a point into W that

is at least k · dM(p) away from p.

7.6.2 Deleting Seed Points

As we shall see later, if all points of W are at least k times the local feature size

distance away from its closest point in W , the cardinality |W | of W is “optimal”
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with respect to a criterion described later. From Lemma 7.6.2, the above property

holds for all points of W inserted by Topology(), but it may not hold for the seed

points (i.e., the ones computed by CritSurf()), as the set of seed points can be

arbitrarily dense.

The next lemma states that we can achieve size optimality by deleting the seed

points after Topology() terminates, and then restoring the closed ball property (if

needed) using Topology() again. Since every point inserted into W by Topol-

ogy() is at least k times the local feature size distance away from its closest point

in W , all points of the resulting set W are at least k times the local feature size

distance away from their closest point in W .

Lemma 7.6.3. If V(W ) satisfies the closed ball property, then Topology() can

restore the closed ball property given W \ {p} as input, where p is a point used to

initialize W , i.e., computed by CritSurf().

Putting all together, the topological sampling step can be described as follows:

Let ~d = (0, 0, 1) and W = CritSurf(S,~d), and call the subroutine SampleTopol-

ogy(W ), where

• SampleTopology(W )

1. Topology(W )

2. While there is a point p in W that was created by CritSurf(), delete p

from W and call Topology(W ).

7.6.3 Quality

The next step of the algorithm ensures that all triangles of D3(W,S) are well-shaped.

Here, the shape quality of a triangle t of D3(W,S) is measured by its radius-edge

ratio, ρ(t) (see Definition 4.3.1). A triangle is considered well-shaped if its radius-

edge ratio is bounded from above [122].
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To achieve shape quality, the algorithm in [26] inserts a point into W as long as

there is a triangle t of D3(W,S) such that ρ(t) > ρ0 = (1 + k)2. More specifically,

if t is a triangle such that ρ(t) > ρ0 = (1 + k)2, then the algorithm computes the

intersection point p between S and the dual Voronoi edge of t in V(W ), and inserts p

into W . Note that if this process terminates, every triangle of D3(W,S) has radius-

edge ratio no larger than ρ0.

• Quality(W ): While there is a triangle t with ρ(t) > (1 + k)2 in D3(W,S),

insert the point of intersection between S and the dual Voronoi edge of t in

V(W ) into W , and update V(W ).

Note that the insertion of a point into W by Quality() may change the topology

of D3(W,S). Consequently, the dual edge of a triangle of D3(W,S) may intersect S in

more than one point. If this is the case, Quality() inserts the furthest intersection

point from its closest point in W . Furthermore, Topology() must be called next

to restore the closed ball property. It is worth to notice that there is no need for

searching the entire Voronoi diagram V(W ) for topology violations, as each point

insertion by Quality() changes V(W ) locally only.

7.6.4 Smoothness

Unlike the algorithm by Boissonnat and Oudot [15], the algorithm in [26] does not

provide any bound on how “close” |D3(W,S)| is from S. However, the algorithm

in [26] provides an interesting property that can be viewed as an indirect measure of

how close |D3(W,S)| is from S. Before defining this property, we define the roughness

of an edge e of D3(W,S) as follows: The roughness g(e) of e is given as g(e) = π− θ,

where θ is the internal dihedral angle of D3(W,S) at e, i.e., the angle defined by

the normals of the two triangles of D3(W,S) incident to e. We can improve the

approximation D3(W,S) of S by keeping sampling S until all edges have roughness

below a threshold:
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• Smooth(W ): While there is an edge [p, q] ∈ D3(W,S) such that g([p, q]) >

2(arcsin(k) + arcsin( 2k√
3
)), insert the point furthest from p among all intersec-

tions of the Voronoi edges of V(p) and S and update V(W ).

Lemma 7.6.4. Any point inserted by Smooth() is more than k · dM(p) away from

its closest neighbor in W .

7.6.5 Termination

In what follows, we describe the entire algorithm. We also introduce a theorem

from [26] that guarantees the termination of the algorithm:

• DelMesh(S)

1. Compute W = CritSurf(S,(0,0,1))

2. W0 = W

3. SampleTopology(W )

4. Quality(W )

5. Smooth(W )

6. Go back to 2 if W0 6= W

7. Output D3(W,S)

Theorem 7.6.1. DelMesh() terminates.

Proof. We claim that other than the seed points, any two points p and q in W at any

stage of DelMesh() have distance ‖p−q‖ ≥ k·dM(p)/(1+k). We proof this claim by

induction on the number of points inserted into W after the seed points. Note that a

point is inserted into W either by SampleTopology(), Quality(), or Smooth().

From Lemma 7.6.2, if p is inserted into W by SampleTopology(), then p is at

least k · dM(q) away from its closest point q in W . From Lemma 7.3.1, we have that
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dM(q) ≥ dM(p)−‖p− q‖, which implies that ‖p− q‖ ≥ k · dM(p)/(1 + k). Note also

that the first point inserted into W must be inserted by SampleTopology(), as all

seed points are deleted from W before Quality() or Smooth() is called. So, our

claim holds for the first point inserted into W after the seed points. Now, assume

that our claim holds for the n-th point inserted into W , where n ≥ 1, and consider

the insertion of the (n + 1)-th point p. If p is inserted by SampleTopology(), we

are done. Otherwise, it must be inserted by either Quality() or Smooth(). If p

is inserted by Smooth(), Lemma 7.6.4 tells us that ‖p − q‖ > kdM(p), where q is

the closest point to p in W . Thus, ‖p − q‖ > k
k+1

dM(p), and hence our claim holds.

Now, consider the case in which p is inserted by Quality(). Recall that p is the

intersection point between S and the dual Voronoi edge of a triangle t of D3(W,S)

such that ρ(t) > ρ0. So, p is more than (1+k)2l away from its closest existing points

in W , where l = ‖q − s‖ is the length of the edge of D3(W,S) with endpoints q and

s, and q is one of the closest points to p. This is because ‖p − q‖ is no smaller than

the circumradius of t. By the inductive hypothesis, l = ‖q − s‖ ≥ k · dM(q)/(1 + k),

as all seed points have been deleted from W . Hence, ‖p−q‖ > k(k+1) ·dM(q). From

Lemma 7.3.1 again, we have that ‖p− q‖ > k · dM(p) > k · dM(p)/(1 + k). Let fm =

minp∈S dM(p). Since S is smooth, we must have fm > 0. So, lm = kfm/(k + 1) > 0.

Since any two points inserted into W have more than lm distance and lm > 0, and

since S is compact, DelMesh() can insert only finitely many points into W , and

thus it must terminate.

7.6.6 Size Optimality

We mentioned before that the cardinality |W | of the set W computed by DelMesh()

is a linear factor of the cardinality of the “optimal” set. By optimal set, we actually

mean the smallest ε-sample set of S, for any ε < 0.2. A set Y of points of S is

said to be an ε-sample if, for each p ∈ S, there exists a point q ∈ Y such that

‖p − q‖ ≤ ε · dM(p). Amenta and Bern [5] showed that if Y is ε-sample of S for
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ε ≤ 0.1, then DY,S is a simplicial surface whose underlying surface is homeomorphic

to S.

Erickson [43] showed that the number of points in any ε-sample of S, for ε < 0.2,

is Ω(
∫

S
1

dM (p)
dp). The following theorem from [26] uses the result in [43] and states

that W has at most c ·
∫

S
1

dM (p)
dp points, where c is a positive constant. Note that W

is not necessarily an ε-sample of S. So, the size optimality of W should be considered

here with respect to the size of the smallest ε-sample Y of S, for ε < 0.2, rather than

the smallest point set Y of S for which the Voronoi diagram VY satisfies the closest

ball property.

Theorem 7.6.2. The number of points in W is within a constant factor of any

ε-sample of S, for any ε < 0.2.
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Chapter 8

Surface Meshing: Part II

This chapter presents our simplification of the algorithm by Cheng, Dey, Ramos, and

Ray [26], which was described in Chapter 7. We also discuss some implementation

details, and show some surface meshes generated by a preliminary implementation

of the algorithm.

8.1 Overview of the Simplified Algorithm

Let S denote a smooth and compact surface such that S = f−1(0), where f :

conv(D) → R is an implicit function defined from a given well-composed image

(D,X) by our construction in Chapter 6. Here, we describe a simplified version of

the algorithm by Cheng, Dey, Ramos, and Ray [26] which computes a finite set W

of points on S such that the Voronoi diagram restricted to S, V(W,S), satisfies the

closed ball property.

Our simplification of the algorithm in [26] consists of replacing the computation

of critical and silhouette points by simpler computations. Recall from Chapter 7

that critical and silhouette points are used by the algorithm for initializing W , so

that W has at least two points of every connected component of S and no handle

of S is entirely inside a Voronoi region of V(W ). Critical and silhouette points are
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also used by FacetCycle() to verify if the intersection of S and a Voronoi facet of

V(W ) contains a cycle.

We use the fact that S is homeomorphic to bdCA(X) to carry out our simpli-

fication. Let {Ck}k∈K be the set of cubes of the subdivision of conv(D) used by

the construction of S in Chapter 6. We know that there exists a homeomorphism

h : bdCA(X) → S such that h maps each connected component of bdCA(X) into

a connected component of S that intersects the same subset of cubes of {Ck}k∈K .

This observation enables us to easily obtain points in every connected component of

S.

More specifically, to obtain at least two points from each connected component of

S, we first obtain two points from each connected component of bdCA(X). Next, we

locate the cubes of {Ck}k∈K that contain the two points. Recall that the intersection

of bdCA(X) (resp. S) and each edge of such a cube is either empty or one point of

bdCA(X) (resp. S). Furthermore, if the cube intersects bdCA(X) (resp. S) then

at least three edges of the cube intersect bdCA(X) (resp. S). So, for each cube, we

choose an edge that intersects bdCA(X) (resp. S), and we obtain the intersection

point between S and the edge. These points are inserted into W . As a result, no

Voronoi region of VW can entirely contain a connected component of S, but they can

contain handles.

Unlike the algorithm in [26], we do not insert points in W to prevent a Voronoi

region of VW from containing an entire handle of S. Instead, we developed a simple

procedure to check for the existence of a handle of S inside a Voronoi region of VW .

This procedure basically computes the Euler characteristic of a simplicial approxi-

mation for the portion of S inside Voronoi region. Also, the procedure is executed

only if the algorithm finds out that the intersection of S and the facets of a Voronoi

region is a simple cycle. We provide the details of this handle detection procedure

in Section 8.3.

Note that the above operations do not involve any complicated numerical and
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geometric calculations. Unfortunately, we have not been able to come up with similar

operations for verifying if the intersection of S and a Voronoi facet of V(W ) contains

a cycle. However, we were still able to go around the need for computing critical and

silhouette points. We actually use a “brute force” geometric approach to verify the

existence of a cycle in the intersection of S and a Voronoi facet of V(W ). This

approach is used by the subroutine FacetCycle(), and its details are described in

Section 8.2.

From the above discussion, we can see that our simplified algorithm does not con-

tain any of the numerical subroutines in Section 7.5 (except for EdgeSurface()) nor

the subroutine Silhouette(), but it does contain all remaining subroutines. Fur-

thermore, out of all remaining subroutines, only EdgeSurface() and FacetCy-

cle() are affected by our simplifications. We further comment on their changes in

Section 8.2.

8.2 EdgeSurface() and FacetCycle()

EdgeSurface() takes as input a Voronoi edge e and returns all intersection points

of S and e. This subroutine is used by the subroutine VorEdge() only, which in

turn takes as input a point p of W (a site of V(W )) and an edge e of V(p), and then

calls EdgeSurface(). If EdgeSurface() returns two or more intersection points

of e and S, VorEdge() inserts the point that is furthest from p into W . Otherwise,

VorEdge() takes no action.

A Voronoi edge e can be a line, a half-line, or a line segment. However, since we

are interested in the intersection points of e and S, and since S is inside a compact

domain, conv(D), we can always restrict our attention to the line segment that

results from the intersection of e and conv(D). So, the first step of EdgeSurface()

is to compute this intersection, and therefore we can assume that the edge e is a line

segment.
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The next step is to compute the intersection points of e and S. Since this is a time-

consuming and reasonably complicated operation, we borrowed some approaches

from the ray tracing literature to speed up and facilitate our computations. First,

we consider the set {Ck}k∈K of cubes of the subdivision of conv(D) used by the

construction of S (see Chapter 6). We first identify the cubes that are intersected

by e and then discard the cubes that do not intersect S. To identify the cubes

intersected by e, we use a fast and simple algorithm for voxel traversal by Amanatides

and Woo [4].

We consider the cubes that intersect S one at a time according to a traversal of

e from one of its endpoints to the other. For each cube, we first compute a very

fine triangulation of the “disk-like patch” of S inside the cube, and then we look

for an intersection point between S and the triangulation. If an intersection point

exists, say q, we consider a small interval of e around q, and look for an intersection

point between S and e in this interval. We use the bisection method to look for the

intersection point.

If we find no intersection point after examining all cubes that intersect S, we are

done. Otherwise, after finding out the first intersection point, we reverse the order

in which the cubes are considered before looking for a second intersection point.

The reason is that if there are two or more intersection points, only the furthest

intersection point from a given Voronoi site will be of interest for VorEdge(). Since

e is a convex set, such furthest point must be either the first or the last intersection

point found by traveling from one endpoint of e to another. This means that we

have to look for at most two intersection points. So, we can end our search as soon

as we find a second intersection point or reach the first intersection point computed

before.

FacetCycle() checks if the intersection of S and a given facet of V(W ) is a

cycle. If so, it inserts a point from the cycle into W . Rather than using critical and

silhouette points to perform this verification, we look for cycles in a “brute force”
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way. Given a facet h of a Voronoi region V(p) of V(W ), where p ∈ W , we first

identify the cubes of {Ck}k∈K that intersect both h and S. For each of these cubes,

we compute a very fine triangulation of the “disk-like patch” of S inside the cube.

Next, we compute the intersection of h and all triangulated patches, and look for a

cycle.

Note that the cycle computed by FacetCycle() is actually a closed polygon,

which is assumed to be an approximation for a cycle (a smooth curve) resulting from

the intersection of S and h. To improve the approximation, we project the vertices

of the cycle (i.e., a closed and simple polygon) onto S by iteratively changing the

position of the vertices until |f(v)| is smaller than a positive constant ε. In each

iteration, the new position of a vertex v is given by by v − t · sign(f(v)) · (~pv/‖~pv‖),
where t is a positive number, f is the implicit function whose zero level set is S, and

sign(f(v)) =



















1, if f(v) > 0

−1, if f(v) < 0

0, if f(v) = 0

and ~pv is the orthogonal projection of ∇f(v) onto the supporting plane of h. Fig-

ure 8.1 illustrates this procedure. The value of t is set to 0.0001 for the first iteration.

From the second iteration on, the value of t is half of its value in the previous iter-

ation. Note that since the vertices of the cycle are projected onto S, the vertices of

the cycle are all points of S.

Now, we need to find a vertex of the cycle that is at least k · dM(p) away from

the Voronoi site p whose region contains the facet h, where k is the constant 0.06

and dM(p) is the distance to the medial axis function (see Section 7.4). To do that,

we choose any vertex q of the cycle. By construction, we know that q ∈ S. Next, we

compute the unit normal ~nq to S at q. Recall that ~nq = ∇f(q)/‖∇f(q)‖. Finally, we

consider the orthogonal projection ~vq of ~nq onto the supporting plane of the Voronoi

facet h of V(W ) that contains the cycle. Note that ~vq must be orthogonal to the

cycle at q.
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Since ~vq is orthogonal to the cycle at q, the line l passing through q in the direction

of ~vq must intersect the cycle S ∩ h in at least one more point, say r. To compute

r, we first find one intersection point, r′, between l and our approximate cycle (the

polygonal one), and then project r′ along l onto S using the same strategy we used

before for computing the vertices of the cycle. When r′ reaches S, r′ becomes the

point r. According to Lemma 7.4.2, either q or r or both are at least k · dM(p) away

from p.

∇f(v)
‖∇f(v)‖

v

v

Figure 8.1: Example of how FacetCycle() works.

Recall from the description of the algorithm in [26] in Chapter 7 that VorEdge()

(and therefore EdgeSurface()) is called by the subroutine Topology() for ev-

ery edge e of V(W ). Unlike, FacetCycle() is called by Topology() only if

VorEdge() and TopoDisk() fail to insert a vertex into W . In other words,

FacetCycle() is executed either if the intersection of S and the edges of a facet of

V(W ) is empty, or if S intersects only two edges of a facet of V(W ) generically. Since

FacetCycle() is more time-consuming than both VorEdge() and TopoDisk(),

this order of execution benefits the performance of the algorithm, as FacetCycle()

is executed less often.
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8.3 Detecting Handles

As we pointed out before, our simplified version of the algorithm in [26] does not

compute critical and silhouette points of S. So, our simplified algorithm does not

contain the subroutine Silhouette(), whose role is to prevent the existence of

handles inside Voronoi regions of V(W ). Instead, we developed a subroutine, called

HandleDetection(), that detects (instead of preventing) the existence of handles

inside a given Voronoi region of V(W ).

HandleDetection() takes as input a Voronoi site p, i.e., a point of W , and

inserts a point into W if V(W ) contains a handle of S. Otherwise, it does nothing.

HandleDetection() is called by Topology() only if VorEdge(), TopoDisk(),

and FacetCycle() fail to insert a point into W while processing edges and facets

of V(p).

Note that if VorEdge(), TopoDisk(), and FacetCycle() fail to insert a point

into W while processing edges and facets of V(p), then the intersection of S with the

set of facets of V(p) is either empty or a single cycle. In the former case, we can con-

clude that the intersection of S and V(p) is empty, as we initialized W with at least

two points per connected component. In the latter case, the intersection of S and

V(p) is either (1) homeomorphic to D
2 or (2) homeomorphic to a compact surface

with boundary (the cycle) and with one or more handles (see Figure 8.2). Further-

more, the intersection of each facet of V(p) and S is either empty or homeomorphic

to a line segment.

The goal of HandleDetection() is to detect case (2), and if it indeed occurs,

HandleDetection() chooses a point q from S ∩V(p) and inserts it into W . If the

point q inserted by HandleDetection() into W is k · dM(q) away from p, then

we can be sure that, after finitely many insertions of such points into W , the most

recently updated Voronoi region V(p) will no longer contain a handle (see the proof

of Theorem 7.6.1).

To detect a handle, HandleDetection() relies on the Euler characteristic of a
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triangulation of the portion of S inside V(p). Let M be a compact surface (with or

without boundary) in R
n, and let T be any simplicial surface (triangulated surface)

whose underlying surface |T | is homeomorphic to M . Then, we define the Euler

characteristic of M as follows [13]:

Definition 8.3.1. The Euler characteristic χ(M) of M as the invariant number

χ(M) = nv − ne + nt, where nv is the number of vertices of T , ne is the number of

edges of T , and nt is the number of triangles of T .

Figure 8.2: The intersection of a surface and the facets of a Voronoi region is a closed

and simple polygon (a cycle). Each edge of the polygon belongs to a distinct facet

of the Voronoi region. The portion of the surface inside the Voronoi region contains

a handle.

Now, assume that the intersection of S and V(p) is either (1) homeomorphic

to D
2 or (2) homeomorphic to a compact surface with boundary (the cycle) and

with one or more handles. If T is any simplicial surface whose underlying surface

is homeomorphic to S ∩ V(p), then S ∩ V(p) is homeomorphic to D
2 if and only if

χ(S ∩ V(p)) is equal to 1, as the Euler characteristic of a surface M with boundary

is equal to 2− c− 2g, where c is the number of disjoint boundary contours of M and

g is the genus of M [2].
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To compute such a simplicial surface T , HandleDetection() starts by finding

the cubes of {Ck}k∈K that intersect the facets of V(p). Next, HandleDetection()

computes a fine triangulation of the disk-like patches of S inside these cubes, and

then computes the intersection of the facets of V(p) with the triangulations. Note

that the result of this intersection is a closed polygon that approximates the cycle

C defined by the intersection of S and the facets of V(p). Note also that C splits

S into two connected components: the one inside V(p) (i.e., S ∩ V(p)) and the one

outside V(p).

Let A be a set whose elements are the cubes of {Ck}k∈K that intersects an edge

of our approximation for the cycle C. The cubes intersect S ∩ V(p). Our next step

is to search for the remaining cubes of {Ck}k∈K that intersect S ∩V(p). To do that,

we first consider the set B of cubes of {Ck}k∈K that are not in A and that intersect

both S and V(p). Note that a cube may intersect both S and V(p), but not S∩V(p).

In what follows, we explain how to find out which cubes of B do not intersect the

component S ∩ V(p).

The idea is to compute the triangulation of the disk-like patches of S inside the

cubes of set B, so that these triangulations agree along the cube faces, and that

they also agree with the triangulations inside the cubes of A along the common faces

shared by a cube of A and a cube of B. Next, we compute the dual graph of the

triangulations inside all cubes of A and B.

Note that the triangles of the triangulations inside the cubes of A must be rep-

resented by the same connected component G of the dual graph, as they cover the

edges of our polygonal approximation for the cycle C. Note also that the triangles

inside any cube of B that intersects S ∩ V(p) must also be represented by vertices

of G, while the triangles that are not represented by vertices of G must be in cubes

of B that do not intersect S ∩V(p). So, we can compute χ(S ∩V(p)) by considering

the dual triangulation of G.

If χ(S∩V(p)) is not equal to 1, HandleDetection() chooses a point of S∩V(p)
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to insert into W . This point is any vertex q of the dual triangulation of G that is in

the interior of V(p) and maximizes ‖q − p‖. This is because we want ‖q − p‖ to be

at least k · dM(p). From Lemma 7.3.2, we know that such a q exists. However, since

HandleDetection() does not compute silhouette points, we must guarantee that

the point q returned by HandleDetection() is as far from p as some silhouette

point.

Although we do not provide a guarantee that the point q returned by Han-

dleDetection() is at least k · dM(p) away from p, our implementation of Han-

dleDetection() refines the triangulation of S ∩ V(W ) used to detect the handle,

and then chooses an interior vertex q of this triangulation that maximizes ‖q − p‖.
Furthermore, we also mark q for deletion after Topology() ensures the closed ball

property. If deleting q from W causes Topology() to call HandleDetection()

again, we put q back in W .

The fact that the point q chosen by HandleDetection() may not be k · dM(p)

away from p does not imply that our algorithm does not terminate. This is because

HandleDetection() will be called at most finitely many times by our algorithm,

as the number of handles of S is finite and the points inserts into W by Han-

dleDetection() are not too close to the existing Voronoi sites. However, the

resulting simplicial surface may not satisfy the size optimality criterion described in

Section 7.6.6, as the points inserted into W by HandleDetection() might not be

removed from W later on.

8.4 Coping with Degeneracies

So far, we have discussed our simplified version of the algorithm in [26] without taking

into account eventual degenerate cases. In other words, we have not addressed the

fact that V(W ) may not intersect S generically. More specifically, we have to deal

with three issues:
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(1) a vertex of V(W ) is a point of S,

(2) an edge of V(W ) does not intersect S generically (i.e., the edge intersects S at

a single point and belongs to the tangent plane of S at this point), and

(3) a facet of V(W ) does not intersect S generically (i.e., the intersection of S and

the interior of the facet contains a point at which the facet is tangent to S).

Since S is defined by an implicit function, f , it is straightforward to verify if (1)

occurs: we just have to test if f(q) is 0 for every vertex q of V(W ). If f(q) is 0 for a

vertex q of V(W ), we perturb the position of any of the Voronoi sites whose Voronoi

region contains q. By perturbing, we mean to slightly move the Voronoi site along

S and recompute the Voronoi diagram. We check for (1) every time a new point is

inserted into W .

The fact that S is defined by an implicit function, f , can also be used for de-

tecting (2). If q is an intersection point between S and an edge e of V(W ), we

compute ∇f(q) and check if ∇f(q) is perpendicular to e. We check for (2) ev-

ery time EdgeSurface() returns a single intersection point. Due to the following

lemma from [26], if (2) occurs then the point q must be at least k · dM(p) from the

Voronoi site p of any Voronoi region V(p) that contains e. So, we insert q into W

to remove the degeneracy, and this insertion will not affect the termination or size

optimality of the algorithm.

Lemma 8.4.1. [26] Let e ∈ V(p) be a Voronoi edge of the Voronoi neighborhood

V(p) of a point p ∈ W . If e intersects S tangentially at a single point, then the

intersection point of e and S which is furthest from p is at least k · dM(p) away from

p.

In principle, we can deal with (3) in a way much like the one we dealt with (2).

Suppose that the interior of a facet h of V(W ) intersects S tangentially at a point

q. Then, we can prove that q is at least k · dM(p) away from the Voronoi site p of
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any Voronoi region V(p) that contains h. So, to get rid of the degeneracy, we can

insert q into W , and this insertion will not affect the termination or size optimality

of the algorithm. To prove our claim, we will need a corollary from Lemma 2 of

Amenta and Bernstein [5] and also a lemma from Cheng, Dey, Edelsbrunner, and

Sullivan [24]:

Corollary 8.4.1. [5] Let p and q be any two points on S so that ‖p− q‖ ≤ c · dM(p)

for c < 0.25. Then, the acute angle ∠~np, ~nq between the lines supporting the vectors

~np and ~nq is no larger than
c

1 − 4c
, where ~np and ~nq are the unit normals of S at p

and q, respectively.

Lemma 8.4.2. [24] Let p and q be any two points on a smooth surface S. Then,

the acute angle ∠(p − q), ~np between the lines supporting the vectors (p − q) and ~np

is at least π
2
− arcsin( ‖p−q‖

2dM (p)
), where ~np is the unit normal of S at p.

Lemma 8.4.3. Let h ∈ V(p) be a Voronoi facet of the Voronoi neighborhood V(p)

of a point p ∈ W . If the interior of h intersects S tangentially at a point q, then

‖p − q‖ is at least k · dM(p).

Proof. If h intersects S tangentially at a point q, then the unit normal ~nq of S at

q is perpendicular to the supporting plane of h. Let s be the point of W such that

V(s) shares s with h with V(q). Note that (p − q) and ~nq are parallel. Aiming at

a contradiction, assume that ‖p − q‖ < k · dM(p). From Lemma 8.4.1, the acute

angle ∠~np, ~nq between the lines supporting the vectors ~np and ~nq is no larger than

k
1−4k

. On the other hand, from Lemma 8.4.2, the acute angle ∠(p − s), ~np between

the lines supporting the vectors (p − s) and ~np is at least π
2
− arcsin( ‖p−q‖

2dM (p)
). Since

∠(p− s), ~np = ∠~np, ~nq, we get that ∠~np, ~nq ≥ π
2
− arcsin( ‖p−q‖

2dM (p)
) and ∠~np, ~nq ≤ k

1−4k
.

By assumption, we have ‖p− q‖ < k ·dM(p). So, ∠~np, ~nq ≥ π
2
−arcsin(k

2
). But, since

k = 0.06, we have k
1−4k

= 0.07894 and π
2
− arcsin(k

2
) = 1.54079, which means that

∠~np, ~nq ≥ π
2
− arcsin( ‖p−q‖

2dM (p)
) and ∠~np, ~nq ≤ k

1−4k
is not possible, and thus ‖p − q‖

must be at least k · dM(p).
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Although Lemma 8.4.3 tells us what to do when we detect the occurrence of (3),

we still have not found a robust and practical way of detecting (3). One may think

of trying to check for (3) while looking for cycles in the intersection of S and the

facets of V(W ) (see the description of FacetCycle() in Section 8.2). However,

the numerical computations for detecting the occurrence of (3) using local piecewise

linear approximations for S (which FacetCycle() is based upon) can be very cum-

bersome in practice. So, the current implementation of our algorithm ignores any

occurrence of (3).

8.5 Results and Discussion

We implemented our algorithm using the GNU C++ compiler and the computational

geometry and algorithms library, CGAL [45]. CGAL offers a robust implementation

of an incremental algorithm for building Delaunay tetrahedrizations and Voronoi

diagrams, which allowed us to develop code only for the routines related to our

algorithm.

Our implementation takes as input a smooth surface S as defined in Chapter 6,

a number ρ0, with ρ0 > (1 + k)2, which corresponds to the desired upper bound on

the radius-edge ratio of each triangle of the output surface mesh, and a threshold g

which is a lower bound for the smoothness of any two edge-adjacent triangles of the

output surface; that is, if θ is the acute angle defined along the common edge of any

two triangles of the output surface, then π − θ ≥ g. Recall from Section 7.6.4 that

g must be larger than 2 · arcsin(k) + arcsin( 2k√
3
), so that the algorithm is guaranteed

to terminate.

We have generated a few surface meshes using our implementation (see Figure 8.3-

8.7). Figure 8.3 shows that the algorithm generated small triangles along regions of

S with high curvature variation, and large triangles along regions of S with small

curvature variation. This is an important feature of the algorithm. However, one
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must keep in mind that the size of the triangles are actually related to the value of the

function dM . Since dM incorporates curvature and thickness information, even flat

regions of S may be approximated by small triangles. This is the case, for instance,

when a small sphere centered at a point of the flat region intersects another region

of the surface.

Although the input surface S is a smooth surface, it does retain (to some extent)

the “staircase” look of the corresponding digital surface from which S is defined.

This is an inherent feature of our construction in Chapter 6, and it causes the

local curvature of S to vary abruptly over very small regions. Due to this fact,

the surface meshes shown in figures 8.3-8.7 are not as smooth as they could be if

another approach had been used to generate S, such as RBF interpolation or level

sets method. Nevertheless, we do obtain a smoother piecewise linear approximation,

as it can be seen in Figure 8.4. Furthermore, neither RBF interpolation nor level set

methods can easily lead us to the simplification of the algorithm in [26] discussed

earlier in this chapter.

It is worth to mention that we can improve the smoothness of the surface meshes

generated by our algorithm as a post-processing step. To do so, we can use one of

several heuristic-based smoothing algorithms. For instance, [132]. Most smoothing

algorithms improve mesh smoothness by moving its vertices one at a time. So, we

can easily include a quality check into such an algorithm that allows a vertex to move

only if the aspect ratios of the triangles incident to the vertex do not degenerate.

Since our algorithm builds a Voronoi diagram in order to compute the output surface

mesh, we can also take advantage of the existence of nice Voronoi-based smoothing

algorithms [131].

If we choose ρ0 to be around (1+k)2 and g to be around 2 ·arcsin(k)+arcsin( 2k√
3
),

the “staircase” artifact of S may cause our algorithm to perform very poorly. For such

values of ρ0 and g, our algorithm will take much longer to produce the output surface,

and the surface will contain much more triangles than the trivial triangulation of the
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continuous analog of the boundary between foreground and background of the input

image. So, experimentally, we found that letting ρ0 = 2 and g = π
3

is a good trade

off between approximation quality and runtime. If we want our algorithm to run

faster for smaller values for ρ0 and g, we must give to it an input surface without

the “staircase” artifact.

Even if we choose not so small values of ρ0 and g, such as ρ0 = 2 and g = π
3
, we

noticed that our algorithm is still very time-consuming when compared with previous

and simpler surface meshing algorithms. However, the existing faster algorithms do

not provide any guarantee on the quality of the triangles of the output surface.

So, we can view this downside as a trade off. Some calculations of our algorithm

are also sensitive to numerical problems. This is because they are often based on

local triangulations of S (see Section 8.2 and Section 8.3), rather than on the exact

representation of S. While an approximate representation speeds up (or makes

feasible) the calculations, there is always the risk of producing a wrong result due to

a bad approximation.

Recall that the algorithm in [26] does not offer any theoretical guarantee on how

close the output surface is from S; that is, we cannot ensure that there is a r-

homeomorphism between S and the underlying surface of the output surface mesh.

All we can do to improve the geometric approximation is to set both ρ0 and g to

very small values. However, it would be extremely interesting to devise a mechanism

to guarantee a r-homeomorphism between the input and output surfaces, for an r

provided by the user. This mechanism should also guarantee that the algorithm will

always terminate.
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(a) (b)

(c) (d)

Figure 8.3: (a) Continuous analog of the foreground and background of a well-

composed image of a “filled” lung. (b) (and (c)) is the simplicial surface produced

by our algorithm with ρ0 = 2 and g = π
3
. (d) A close-up view of a region of the mesh

in (c).
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(a)

(b)

Figure 8.4: (a) Continuous analog of the foreground and background of a well-

composed image of a human intestine. (b) Simplicial surface produced by our algo-

rithm with ρ0 = 2 and g = π
3
.
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Figure 8.5: Simplicial surface in Figure 8.4(b) with its edges highlighted. This surface

mesh was produced in 22 minutes and 7 seconds. It contains 49,640 triangles and

24,597 vertices.
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Figure 8.6: Simplicial surface produced by our algorithm from the brain image in

Figure 5.8. We used ρ0 = 2.5 and g = π
3
.
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Figure 8.7: Simplicial surface in Figure 8.6(b) with its edges highlighted. This surface

mesh was produced in 31 minutes and 29 seconds. It contains 117,182 triangles and

58,474 vertices.
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Chapter 9

Conclusion

This thesis provides new solutions for two important problems, namely: the problem

of generating meshes from 2D binary digital images and the problem of generating

surface meshes from 3D binary digital images. In both cases, our solutions are char-

acterized by their emphasis in correctness and other theoretical guarantees, which

are related to either the size of the mesh or the aspect ratio of mesh elements. Our

solutions are also practical and better than previous solutions in several aspects of

the problems.

More specifically, for the problem of generating meshes from 2D binary digital

images, we provided a new algorithm for converting triangular meshes of polygo-

nal regions, with or without holes, into strictly convex quadrilateral meshes. Our

algorithm has the following features:

• the algorithm is linear time in the number of triangles of the input triangular

mesh,

• it generates a bounded number of quadrilaterals,

• it inserts a bounded number of Steiner points,

• it offers better bounds than similar algorithms that also produce strictly convex

quadrilateral meshes of bounded size,
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• it tends to preserve the grading of the input triangular mesh, and

• it is simpler and likely faster than algorithms that produce better quality

quadrilateral meshes – in terms of the shape of the quadrilaterals – at the

expense of runtime.

We applied our quadrilateral meshing algorithm to the problem of generating

meshes from 2D binary digital images. In this problem, the input is a polygonal

region possibly with interior vertices and edges. A mesh of the input domain must

conform to both the domain boundary and interior vertices and edges. There are

several provably good quality algorithms for generating triangular meshes that con-

form to this kind of domain, which are called constrained triangular meshes. Since

our quadrilateral meshing algorithm can handle constrained triangular meshes, we

were able to successfully use our algorithm for generating meshes from 2D binary

digital images.

For the problem of generating surface meshes from 3D binary digital images, we

presented a new solution that consists three steps:

• First, we convert the input image into a well-composed one (if the input image

is ill-composed).

• Second, we build an implicit surface that has the same topology as the contin-

uous analog of the digital boundary between the foreground and background

of the input image.

• Third, we compute a simplicial approximation to the implicit surface defined

in the second step by using a simplified version of an algorithm by Cheng, Dey,

Ramos, and Ray [26].

The main advantage of our solution is the fact that the triangles of the output

simplicial surface are guaranteed to have a good aspect ratio. This guarantee is a

feature of the algorithm in [26]. This algorithm was originally developed to compute
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simplicial approximations of implicitly defined surfaces, and it relies on numerically

expensive and unstable computations of critical and silhouette points of the input

implicit surface. These computations rule out the possibility of using this algorithm

to approximate geometrically complex surfaces, such as the ones encountered in

biomedical data.

The main contribution of our solution is the simplification of the algorithm in [26],

which consists of replacing the aforementioned numerical computations by simpler

topological and geometric operations. Recall that our simplification was made pos-

sible by the first two steps of our solution, which allows us to find out all connected

components of the implicit surface and to detect the presence of surface handles inside

Voronoi regions.

Although the first and second steps of our solution were meant to simplify the

third step, they can be also viewed as independent contributions. More specifically,

our algorithm for making 3D binary digital images well-composed can be used as a

preprocessing step of algorithms for computing discrete curvature [128] and simpli-

cial approximations [77] directly from the digital data. Likewise, our approach to

generate smooth and implicitly defined surfaces from 3D binary digital images can

be used for realistic rendering and for computing higher order derivatives in physical

simulations.

Our solution for the surface mesh generation problem can in principle be applied

to any 3D binary digital image, i.e., it is not restricted to MR images of human

organs. However, since we approximate the image boundaries by smooth surfaces,

and since the surface meshes are generated from such smooth surfaces, the output

meshes do not retain eventual “sharp” edges of the image boundaries. While this is

a desirable feature whenever the input image represents an anatomical shape (as the

boundary of such shapes are in general smooth surfaces), it may be very undesirable

if the input image represents, for instance, a mechanical part whose boundary is not

a smooth surface.
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9.1 Future Work

We intend to extend the algorithm in [26] to generate tetrahedral meshes from 3D

binary digital images. The problem of generating meshes from 3D binary digital

images is of great practical interest and has been addressed by several researchers

in the past 15 years [49, 68, 48, 135, 18, 64, 130, 46, 89, 54, 99, 134, 35, 98, 145].

However, the theoretical issues in generating meshes of subsets of the Euclidean

space are not so well understood as the ones concerning meshes of subsets of the

Euclidean plane.

Although there are several algorithms for producing tetrahedral meshes of three-

dimensional domains with provable quality guarantees [97, 96, 120, 84, 83, 29, 28, 25,

108, 27], they either provide quality bounds that are not entirely satisfactory in the

context of several practical applications or they provide meaningful quality bounds

for a restricted class of input domains only. Furthermore, to our best knowledge,

there is no known algorithm for generating hexahedral meshes, with provable quality

guarantees, of three-dimensional domains. So, the meshing problem in 3D is still a

challenge.

By extending the algorithm in [26] to generate tetrahedral meshes from 3D binary

digital images, we mean to create tetrahedral meshes of the interior and exterior

(with respect to the image domain) of the surface mesh generated by our simplified

version of the algorithm in [26]. Note that the algorithm in [26] already generates

a tetrahedral mesh of the image domain, which is the dual of the Voronoi diagram

of the set of vertices of the surface mesh. This mesh, however, is likely to have very

poor quality, i.e., its tetrahedra are likely to be long and skinny. So, the idea is

to insert more points in the mesh domain to refine the mesh in order to generate

well-shaped tetrahedra.

The strategy mentioned above is known as Delaunay refinement, and it has been

already used in a similar situation by Oudot, Rineau, and Yvinec [105]. The au-

thors extended the surface meshing algorithm in [15], using the Delaunay refinement
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approach, to produce a tetrahedral mesh of the interior of the input surface. Their

algorithm offers provable bounds on the quality of the shape of the tetrahedra. These

quality bounds are similar to the ones offered by previous algorithms for meshing 3D

domains bounded by polyhedra rather than smooth surfaces [96, 120, 29, 25, 108].

Since the algorithm in [15] is very similar to the one in [26], we believe that the work

of Oudot, Rineau, and Yvinec [105] can provide us with good insights for extending

the algorithm in [26].

9.2 Related Open Problems

In what follows, we provide a small list of open problems related to the subject of

this thesis:

1. Can we give an algorithm for converting a triangular mesh into a bounded size

quadrilateral one such that the shape quality of every quadrilateral is provably

guaranteed to be good with respect to some meaningful (in practice) shape

metric?

2. Can we give an algorithm for converting a tetrahedral mesh into a hexahedral

one? This problem is the three-dimensional version of the problem solved by

our algorithm in Chapter 3. In general, the problem of generating good quality

hexahedral meshing is a wide open, as not much is known in terms of theoretical

properties for generating such meshes [42, 145, 127].

3. Can we extend the algorithm in [26] so that we provide an error bound for the

geometric approximation of the input surface?

4. Can we give an algorithm for the surface meshing problem, which enjoys the

same features as the one in [26], provides an error bound for the geometric

approximation of the input surface, and is also guaranteed to produce a number
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of triangles that is a constant factor of the number of triangles of any surface

mesh satisfying the other quality requirements?

5. Can we give an algorithm for the surface meshing problem, which enjoys the

same features as the one in [26], and is also able to deal with non-smooth

surfaces? Such an algorithm would be very useful for approximating objects

whose surface contains “creases”, pockets, and sharp angles, such as mechanical

parts.
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Appendix A

Mathematical Preliminaries

This appendix introduces several basic concepts from point set topology, combinato-

rial topology, and discrete geometry, which are used throughout this thesis. Most of

the concepts presented here are can be found in the books by Bloch [13], Ziegler [147],

and Gallier [50].

A.1 Topological Surfaces

Let p ∈ R
n be a point, and let r be a positive real number. The n-dimensional open

ball of radius r centered at p is the set Br(p) = {x ∈ R
n | ‖x − p‖ < r}. More

generally, let A ⊂ R
n be any subset, let p ∈ A be a point, and let r be a positive

real number. The open ball in A of radius r centered at p is the set Br(p,A) defined

by Br(p) ∩ A = {x ∈ A | ‖x − p‖ < r}. The closed ball in A of radius r centered at

p is the set Br(p,A) = {x ∈ A | ‖x − p‖ ≤ r}.
A subset A ⊂ R

n is an open subset of R
n if, for each point p ∈ A, there is an

open ball centered at p that is entirely contained in A, i.e., there exists a positive

real number r such that Br(p) ⊂ A. Likewise, a subset S ⊂ A is a relatively open

subset of A, often referred to simply as an open subset of A, if there exists an open

set U in R
n such that S = A ∩ U . If p ∈ A is a point, then an open neighborhood in
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A of p is an open subset of A containing the point p.

A subset C ⊂ R
n is closed in R

n if the complement of C, namely R
n − C, is an

open subset of R
n. A subset C ⊂ A is a relatively closed subset of A, often referred

to as simply a closed subset of A, if A − C is open in A. Let D ⊂ A ⊂ R
n be sets.

The closure of D in A, denoted D, is defined to be the intersection of all closed

subsets of A containing D.

Definition A.1.1. Let A ⊂ R
n and B ⊂ R

m be sets, and let f : A → B be

a function. The function f is continuous if, for every open subset U ⊂ B, the set

f−1(U) is open in A, or equivalently, if for every point p ∈ A and every number ε > 0,

there is a number δ > 0 such that if x ∈ A and ‖x− p‖ < δ then ‖f(x)− f(p)‖ < ε.

The function f is said to be a homeomorphism if it is bijective and both it and

its inverse are continuous. If f is a homeomorphism, we say that A and B are

homeomorphic, and we write A ≈ B.

Definition A.1.2. A function f : U ⊂ R
n → R is said to be Lipschitz continuous if

there exists a positive constant L such that

|f(p) − f(q)| ≤ L · ‖p − q‖ (A.1)

for every p, q ∈ U . The smallest value of L satisfying the inequality in (A.1) is

known as the Lipschitz constant of f in U . From the Mean Value Theorem, if

f is differentiable in U and if, for every p ∈ U , the magnitude ‖∇f(p)‖ of the

gradient ∇f(p) of f at p is bounded by a constant, then f is Lipschitz continuous

with Lipschitz constant L bounded from above by maxp∈U ‖∇f(p)‖ on U . If f

is Lipschitz continuous with Lipschitz constant L, we say that f is a L-Lipschitz

continuous function.

Definition A.1.3. Let A ⊂ R
n be a set. The interior of A, written int(A), is the

union of all open balls in R
n that are subsets of A. It is the largest open subset of

A. The boundary of A, written bd(A), consists of all points p ∈ A with the property
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that if B is any open set in R
n and p ∈ B, then A ∩ B 6= ∅ and (Rn − A) ∩ B 6= ∅.

Equivalently, bd(A) = Ā − int(A).

Definition A.1.4. We say that A is disconnected if A can be expressed as the union

of two non-empty disjoint open subsets. Otherwise, A is said to be connected. A

subset C ⊂ A is a (connected) component of A if it is non-empty, connected, and not

a proper subset of any connected subset of A.

Definition A.1.5. Let A ⊂ R
n be a set. A cover of A is a (finite or infinite)

collection of subsets of A whose union is all of A. If U = {Ui}i∈I is a cover of A,

a sub-cover of U is a sub-collection of the sets in U that is itself a cover of A (any

sub-cover is of the form {Uj}j∈J for a subset J ⊂ I). A finite cover is a cover of A

with finitely many sets, and a locally finite cover is a cover of A such that, for each

point p ∈ A and each open ball Br(p), we have that Br(p) intersects only finitely

many sets of the cover. An open cover of A is a cover of A such that all the sets in

the cover are open subsets of A.

Definition A.1.6. We say that A is compact if every open cover of A has a finite

sub-cover. We say that A is bounded if there exists some non-negative real number r

such that A is contained in the open ball of radius r centered at the origin. A subset

of R
n that is not bounded is called unbounded.

The following theorem states an important fact concerning the relationship be-

tween compact subsets and bounded and closed subsets of R
n:

Theorem A.1.1 (Heine-Borel Theorem [13]). A subset A ⊂ R
n is compact if,

and only if, it is closed in R
n and bounded.

Let D
2 and D

2
denote the open and closed unit disks in R

2, i.e., D
2 = {x ∈

R
2 | ‖x‖ < 1} and D

2
= {x ∈ R

2 | ‖x‖ ≤ 1}. The (closed) disk D
2

is the

union of two disjoint subsets, namely D
2 and S

1, where S
1 is the unit circle in R

2,

S
1 = {x ∈ R

2 | ‖x‖ = 1}. A subset of R
n that is homeomorphic to the closed interval
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[−1, 1] is an arc; a subset of R
n that is homeomorphic to the disk D

2
is a disk; a

subset of R
n that is homeomorphic to the unit circle is a 1-sphere (also known as a

simple closed curve).

Definition A.1.7. A subset S ⊂ R
n is called a topological surface, or just surface

for short, if each point p ∈ S has an open neighborhood that is homeomorphic to

D
2.

Definition A.1.8. Let U ⊂ R
n be a set, and let f : U → R

m be a function. We

say that f is smooth if the set U is open in R
n, and all partial derivatives of f of all

orders exist and are continuous.

Definition A.1.9. Let V ⊂ R
2 be an open set. A smooth function g : V → R

3 is a

coordinate patch if it is injective and if ∂g
∂u

× ∂g
∂v

6= ~0 at all points of V .

Definition A.1.10. A subset S ⊂ R
3 is a smooth surface if it is a topological surface

and if, for each point p ∈ S, there exists a coordinate patch g : V → S such that

p ∈ g(V ).

Theorem A.1.2 (Classification of Compact Connected Surfaces [13]). Any

compact connected surface in R
3 is homeomorphic to either a sphere or a n-torus (a

connected sum of tori).

Proof. For a detailed proof of the above theorem, we refer the reader to [51], which is

available on-line at http://www.cis.upenn.edu/~jean/gbooks/surftop.html

A.2 Simplicial Complexes

Let X be a subset of R
n. We say that X is convex if for any two points q, r ∈ X,

the point p = (1 − λ)q + λr, with 0 ≤ λ ≤ 1 and λ ∈ R, is also a point of X. The

empty set is trivially convex, every singleton set is convex, and the entire space R
n

is convex.
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Definition A.2.1. Given any nonempty subset X of R
n, there is a smallest set

containing X denoted by conv(X) and called the convex hull of X. If X is any

subset of m > 0 points x1, . . . , xm of R
n then the set of all convex combinations

∑m
i=1 λixi, where

∑m
i=1 λi = 1 and λi ≥ 0, is the convex hull conv(X) of the set X.

Definition A.2.2. Given a collection of m + 1 affinely independent points in R
n,

V = {v0, v1, . . . , vm}, the m-simplex (or simplex) σ = [v0, v1, . . . , vm] spanned by V is

the convex hull of V , conv(V ). That is, the set of all convex combinations
∑m

i=0 λivi,

where
∑m

i=0 λi = 1 and λi ≥ 0, with 0 ≤ i ≤ m. The dimension of σ, denoted by

dim(σ), is m. In R
n, the largest number of affinely independent points is n + 1, and

we have simplices of dimension 0, 1, . . . , n.

Figure A.1 shows examples of the four simplices in R
3. A 0-simplex is a point, a

1-simplex is a line segment, a 2-simplex is a triangle, and a 3-simplex is a tetrahedron.

Figure A.1: Examples of simplices of dimension 0, 1, 2, and 3 in R
3.

Note that the convex hull of any nonempty subset V ′ ⊆ V is again a simplex.

The simplex spanned by V ′, say τ , is called a face of σ and the inclusion relation is

denoted as τ ≺ σ. If dim(τ) = d then τ is called an d-face of σ. If d is 0 then τ is

called a vertex. If d is 1 then τ is called an edge. If m = n and dim(τ) = n− 1 then

τ is called a facet of σ. If τ = σ then τ is an improper face, and all others are proper

faces of σ. The boundary bd(σ) of a simplex σ is the union of its proper faces. The

relative interior of a simplex σ, denoted by int(σ), arises by removing its boundary.

The number of d-faces of σ is equal to the number of ways we can choose d + 1 from

m + 1 points, which is
(

m+1
d+1

)

. Thus, the total number of faces of σ is given by the
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following summation:
m

∑

d=0

(

m + 1

d + 1

)

= 2m+1 − 1.

Definition A.2.3. A simplicial complex K is a finite collection of simplices in R
n

satisfying the following two conditions:

1. If a simplex is in K, then all its faces are in K, i.e., if σ ∈ K and τ ≺ σ then

τ ∈ K;

2. If σ, τ ∈ K are simplices such that σ ∩ τ 6= ∅, then σ ∩ τ is a face of each of σ

and τ , i.e., σ ∩ τ ≺ σ and σ ∩ τ ≺ τ .

Figure A.2 shows three sets of simplices in R
2. The set on the left is not a

simplicial complex because it is missing an edge and a vertex. The set in the middle

contains two simplices that intersect each other but the intersection is not a face of

either one, and therefore it cannot be a simplicial complex. The set on the right is

a simplicial complex.

(c)(a) (b)

Figure A.2: Collections of simplices in R
2. (a) and (b) are not simplicial complexes,

but (c) is.

Definition A.2.4. Let K be a simplicial complex in R
n. The dimension dim(K) of

K is the largest dimension of a face in K, i.e., dim(K) = max{dim(σ) | σ ∈ K}. Here,

we will refer to an n-dimensional simplicial complex as simply an m-complex. The
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set consisting of the union of all points in the simplices of K is called the underlying

space of K, or the polyhedron of K, or the geometric realization of K, and it is denoted

by |K|. Since K is a finite collection of simplices, the underlying space |K| of K is a

compact set.

A sub-complex of a simplicial complex K is a subset of K that is itself a simpli-

cial complex. An important example of a sub-complex is the d-skeleton K≤d of a

simplicial complex K. It consists of all simplices of K of dimension at most d, i.e.,

K≤d = {σ ∈ K | dim(σ) ≤ d}. We define Kd = {σ ∈ K | dim(σ) = d} to be the

subset of simplices in K of dimension d. In particular, K0 is the set of vertices of

K. Note that Kd is not a simplicial complex. We say that a simplicial complex K ′

subdivides K if |K′| = |K| and if every simplex of K′ is a subset (not necessarily

proper) of a simplex of K.

Definition A.2.5. Let τ be a simplex in K. The star of τ in K, denoted by st(τ,K),

is the set of all simplices that are (not necessarily proper) faces of a simplex in K
that contains τ . That is,

st(τ,K) = {ν ∈ K | ∃σ ∈ K such that ν ≺ σ and τ ≺ σ}.

The link of τ in K, denoted by lk(τ,K), is the set of all faces in st(τ) that do not

intersect τ . That is,

lk(τ,K) = {σ ∈ st(τ,K) | σ ∩ τ = ∅}.

Let K be the simplicial complex in Figure A.3(a). The star st([v],K) of [v]

consists of the 2-simplices [r, s, v], [p, s, v], [t, v, x], and [v, x, z], and all their 0- and

1-faces, including [v] itself, as illustrated by Figure A.3(b). The link lk([v],K) of [v]

consists of the 0-simplices [r], [s], [p], [x], [z], [t], and 1-simplices [r, s], [s, p], [z, x],

and [x, t], as illustrated by Figure A.3(c).

Definition A.2.6. A 2-complex K is called a simplicial surface if K is a 2-complex

such that each 1-simplex of K is the face of precisely two simplices, and the underlying
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space of the link of each 0-simplex of K is homeomorphic to the topological 1-sphere,

S
1, i.e., a circle.

For instance, the simplicial complex consisting of all proper faces of a tetrahedron

is a simplicial surface. However, the simplicial complex consisting of all proper faces

of the two tetrahedra illustrated by Figure A.4 is not a simplicial surface, as the link

of [v] is not homeomorphic to S
1.

z

q

p
x

y

ut

r

(a) (b) (c)

r

p

z

x

t

q

p

z

x
y

ut

r

v v ss s

Figure A.3: (a) A simplicial complex. (b) Star of the vertex v in (a). (c) Link of

vertex v in (a).

v

Figure A.4: The 2-complex consisting of the proper faces of the two tetrahedra is

not a simplicial surface.

Definition A.2.7. The underlying space |K| of a simplicial surface K is called the

underlying surface of K.
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The following lemma from [13] states that the underlying surface of a simplicial

surface is a topological surface:

Lemma A.2.1. Let K be a simplicial complex in R
n. Then |K| is a topological

surface if and only if K is a simplicial surface.

Definition A.2.8. We say that an m-simplicial complex K is a pure or homogeneous

simplicial complex if and only if any face of K belongs to the boundary of some m-

simplex in K.

Figure A.5(a) shows a simplicial complex that is not pure, and Figure A.5(b)

shows a pure simplicial complex.

(b)(a)

Figure A.5: (a) A simplicial complex that is not pure. (b) A pure simplicial complex.

Definition A.2.9. K is said to be connected if |K| is connected, and K is connected

if and only if its 1-skeleton is connected.

Both Figure A.5(a) and Figure A.5(b) show connected simplicial complexes, and

Figure A.2(c) shows a simplicial complex that is not connected.

Let K be a pure simplicial complex. The boundary of K, bd(K), is the pure

simplicial complex of dimension (m − 1) consisting of all (m − 1)-faces of K that

belong to only one m-simplex of K, and all the faces of these (m − 1)-faces. A face

of K is said to be external if it belongs to bd(K) and internal otherwise.
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Definition A.2.10. Let K be a simplicial complex, and let σ be any face of K. We

say that σ is singular if its link, lk(σ), is neither homeomorphic to a ball in R
d nor

to the (d − 1)-sphere, S
d−1 = {x ∈ R

d | ‖x‖ = 1}, for some 0 ≤ d ≤ dim(K).

For instance, vertex v in Figure A.3(a) is a singular vertex.

Lemma A.2.2 ([16]). If K is a pure, connected simplicial complex of dimension

m ≥ 1, without singularities, then the pure simplicial complex, bd(K), of dimension

m − 1, which is the boundary of K, has itself an empty boundary.

Proof. If bd(K) is the empty complex or a complex of dimension at most 1, we are

done. Then, assume that bd(K) is a pure simplicial complex of dimension at least

2. Since bd(K) is pure, every face in bd(K) must be a face of some (m − 1)-face in

bd(K). So, bd(K) has an an empty boundary if and only if every (m− 2)-face bd(K)

is a face of exactly two (m−1)-faces in bd(K). Let σ be a (m−2)-face in bd(K), and

consider the link of σ, lk(σ), in K. Since σ ∈ bd(K), dim(σ) = m− 2 and K is pure,

lk(σ) in K must be a simple polygonal line whose boundary consists of two points,

u and v. Because u belongs to a single edge of lk(σ) in K, the (m − 1)-simplex, τ ,

defined by the convex hull of u and σ belongs to only one m-simplex of K. Thus,

τ ∈ bd(K). The same argument applies to v, and therefore σ belongs to exactly two

(m − 1)-faces in bd(K).

A.3 Polytopal Complexes

An H-polyhedron is an intersection of finitely many closed half-spaces in some R
n.

Definition A.3.1. A polytope1 is an H-polyhedron that is bounded.

It can be shown that a polytope is the convex hull of a finite set of points in some

R
n [147].

1Some authors distinguish between non-convex and convex polytopes. Here, we consider only

convex polytopes, and we omit the word “convex”.
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Definition A.3.2. The dimension of a polytope is the dimension of its affine hull,

i.e., the dimension of the linear vector space associated with its affine hull. The

affine hull of a subset A ⊂ R
n is the set of all affine combinations formed from all

finite subsets of A, i.e., the union of all sets of the form

{x ∈ R
n | x =

m
∑

i=1

λixi and
m

∑

i=1

λi = 1}

where {x1, . . . , xm} is any finite subset of points of A, and λi ∈ R for all i ∈
{1, . . . ,m}. Every non-empty affine hull H is an affine subspace, and hence H can

be written as H = p + ~V , where p ∈ H is a point and ~V is a linear vector subspace

of R
n. The dimension of H, dim(H), is the one of ~V .

If P ⊂ R
n is a polytope, we denote the affine hull of P by aff(P ), and the

dimension of P by dim(P ), with dim(P ) = dim(aff(P )).

Definition A.3.3. Let P ⊂ R
n be a polytope. A linear inequality 〈~c, ~x〉 ≤ c0 is

valid for P if it is satisfied for all points x = O + ~x of P , where O is the origin

of R
n, and 〈~c, ~x〉 is the inner product of ~c and ~x. A face F of P is a set of the

form F = P ∩ {x ∈ R
n | 〈~c, ~x〉 = c0, x = O + ~x}, where 〈~c, ~x〉 ≤ c0 is a valid

inequality of P . The dimension of F , dim(F ), is the dimension of its affine hull,

dim(F ) = dim(aff(F )).

Since 〈 ~O, ~x〉 ≤ 0 is a valid inequality, P itself is a face of P . All other faces

of P , satisfying F 6= P , are called proper faces. The faces of dimensions 0, 1, and

dim(P ) − 1 are called vertices, edges, and facets, respectively. Thus, in particular,

the vertices are the minimal nonempty faces, and the facets are the maximal proper

faces.

It can be shown that every polytope is the convex hull of its vertices [147]. Also,

if a polytope can be written as the convex hull of a finite set of points, then this set

contains all vertices of the polytope [147]. Let P ⊂ R
n be a polytope, and let F be

any face of P . Then, it can also be shown that the following properties hold [147]:
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1. The face F is also a polytope.

2. The vertices of F are exactly the vertices of P that belong to F .

3. The faces of F are exactly the faces of P that are contained in F .

4. F = P ∩ aff(F ).

Definition A.3.4. A polytopal complex C is a finite collection of polytopes in R
n

such that

1. the empty polytope is in C,

2. if P ∈ C, then all the faces of P are also in C,

3. the intersection P ∩ Q of any two polytopes P,Q ∈ C is a face of both P and

Q.

The dimension dim(C) of C is the largest dimension of a polytope in C. The under-

lying space of C is the point set |C| =
⋃

P∈C P .

If every polytope P of a polytopal complex C is a simplex then C is a simplicial

complex. Furthermore, notions such as connectedness, pureness, singularity, and

k-skeleton are defined just as in the simplicial case (see Section A.2).

A.4 Final Remarks

Throughout most chapters of this thesis, we deal with compact surfaces, smooth

surfaces, and piecewise linear surfaces, which are the underlying spaces of pure 2-

dimensional polytopal complexes with empty boundary and without singularities.

We often refer to homeomorphisms between any two of these types of surfaces in

R
3. Although we did not prove that these homeomorphisms always exist, in R

3, it

is true that every surface is homeomorphic to a piecewise linear surface, and that

every piecewise linear surface is homeomorphic to a smooth surface. So, the class of
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all surfaces, all smooth surfaces, and all piecewise linear surfaces are essentially the

same in R
3 [13].

We remark that our definition of (topological) surface is the one of a surface

without boundary [92]. A (topological) surface with boundary is a subset S ⊂ R
n

such that each point p ∈ S has an open neighborhood that is homeomorphic to

either D
2 or to H

2 = (D2 ∩ {(x, y) ∈ R
2 | x ≥ 0}). Unless stated otherwise, we will

use the term “surface” to mean term “surface without boundary”, and whenever we

need to refer to a “surface with boundary”, we will do so by explicitly mentioning

the qualification “with boundary”.
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Appendix B

Meshing Small Polygonal Regions

This appendix introduces several lemmas concerning strictly convex quadrilateral

meshes of small polygonal regions, i.e., polygonal regions consisting of 4, 5, 6, or 7

boundary edges and no holes. These lemmas are used by our algorithm for converting

triangular meshes into strictly convex quadrilateral meshes of bounded size (see

Chapter 3).

B.1 Quadrilaterals and Hexagons

We start with two useful facts about strictly convex quadrilaterals meshes of 4- and

6-sided polygons, which are given and proved in Bremner, Hurtado, Ramaswami and

Sacristán [17]:

Lemma B.1.1. A hexagon can be decomposed into at most four strictly convex

quadrilaterals by using at most three Steiner points in its interior.

Lemma B.1.2. A quadrilateral with a point in its interior can be decomposed into

at most five strictly convex quadrilaterals by using at most three Steiner points in its

interior.
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B.2 Pentagons

For polygonal regions bounded by an odd number of edges, one of the boundary

edges is designated as an outgoing edge. (In the algorithm described in Section 3.2.1

the outgoing edge is simply the triangular mesh edge between the root of subtree Tv

and its parent node.) When quadrangulating this region, all Steiner points except

one are placed in the interior of the polygon, and one Steiner point may be placed

on the outgoing edge. In the following lemmas, these relevant facts are stated and

proved formally:

Definition B.2.1. Given two points p and q, we denote by L(p, q) (resp. R(p, q))

the left (resp. right) open half-space defined by the oriented line from p to q. Given a

vertex v of a polygon P , we define wedge(v) as follows: If v is reflex then wedge(v)

denotes the locus of points inside P that can be connected to v forming strictly convex

angles at v. If v is convex then wedge(v) is the interior of the visibility region of v

in P . Now, assume that P is a simple polygon. Given a triangular mesh T of P

such that the vertices of T are the ones of P , a triangle ∆ = (p, q, r) of T is said to

be an ear if and only if p, q, and r are consecutive vertices of a counterclockwise (or

clockwise) enumeration of the vertices of P .

Definition B.2.2. Let P be a pentagon and let e be an edge of P . Given a triangular

mesh T of P such that the vertices of T are the ones of P , the mesh T necessarily

consists of three triangles, two of which are ears (see Figure B.1). Each of these ears

shares two vertices and a distinct diagonal of T with the third triangle, called the

center triangle. Furthermore, the edge e is said to be of type 1 with respect to T if

it is the edge of P shared with the center triangle of T . If e is not of type 1 and e is

adjacent to the type 1 edge, it is said to be of type 2 with respect to T . If e is neither

of type 1 nor of type 2, then e is incident to the common vertex of all triangles of T
and is said to be of type 3.
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Lemma B.2.1. Let P be a pentagon and let e be the outgoing edge of P . Then,

given any triangular mesh T of P such that the vertices of T are the ones of P , we

have the following:

1. If e is of type 1 with respect to T , P can be decomposed into two strictly convex

quadrilaterals and one triangle adjacent to e by adding one Steiner point inside

P .

2. If e is of type 2 with respect to T then, P can be decomposed into three strictly

convex quadrilaterals and one triangle adjacent to e by adding two Steiner

points inside P .

3. If e is of type 3 with respect to T then, P can be decomposed into four strictly

convex quadrilaterals by adding two Steiner points inside P and one more on

the edge e.

v2

v3

v1

v4

v5

Figure B.1: Triangular mesh T of a pentagon P .

Proof. Let v1, v2, v3, v4, v5 be a counterclockwise enumeration of the vertices of P .

Let T be a triangular mesh of P such that the vertices of T are the ones of P

and refer to Figure B.2. Without loss of generality, assume that the center triangle,

Tc, of T is defined by the vertices v4, v1 and v2, and v4 is the common vertex

of all three triangles of T . If e is of type 1 then e is the edge v1v2 of P . Let

207



R1 = wedge(v3) ∩ wedge(v5) ∩ Tc. Note that the interior of R1 cannot be empty,

and clearly R1 ⊂ P . Denote the barycenter of R1 by p1. By removing edges v4v1

and v4v2 from T , and then adding the point p1 and the edges v1p1, p1v4, and p1v2,

we obtain a decomposition of P into two quadrilaterals, Q1 = (v1, p1, v4, v5) and

Q2 = (v4, p1, v2, v3), and one triangle, T1 = (v1, v2, p1), which contains e = v1v2.

Since p1 belongs to both wedge(v3) ∩ Tc and wedge(v5) ∩ Tc, Q1 and Q2 are strictly

convex quadrilaterals, and hence Claim 1 is true. If e is of type 2 then e is either

v2v3 or v5v1. Assume that e = v2v3 and refer to Figure B.3. By removing diagonals

v4v1 and v4v2 from T , and then adding the point p1 above and the edges v1p1 and

p1v4, we obtain a decomposition of P into the quadrilateral Q1 = (v1, p1, v4, v5) and

the pentagon P ′ = (v2, v3, v4, p1, v1). Since diagonals p1v2 and v3p1 are inside P ′,

the triangle (p1, v2, v3) is entirely contained in P ′, and we can decompose P ′ into

triangles T ′
c = (p1, v2, v3), (p1, v1, v2), and (v3, v4, p1), where T ′

c is the center triangle

and (p1, v1, v2), and (v3, v4, p1) are ears of the triangular mesh (see Figure B.3(a)).

Let R2 be the region R2 = wedge(v1)∩wedge(v4)∩T ′
c. Note that R2 ⊂ P ′ ⊂ P , and

the interior of R2 cannot be empty. Define p2 to be the barycenter of R2. We can

now decompose P ′ as in (1) to obtain two strictly convex quads, Q3 = (v2, p2, p1, v1)

and Q4 = (v3, v4, p1, p2), and a triangle T2 = (v3, p2, v2) adjacent to e. If e = v5v1 we

have the symmetric case, and hence Claim 2 holds.

v3

v2

e

R1

v1

v5

p1

v4

Figure B.2: Illustration of Claim 1 of Lemma B.2.1.
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If e is of type 3, then e is either v3v4 or v4v5. Assume that e = v3v4. By

removing diagonals v4v1 and v4v2 from T , and then adding the points p1 and p2

above plus the edges v1p1, p1v4, p1p2 and p2v2, we obtain a decomposition of P into

strictly convex quads Q1 = (v1, p1, v4, v5) and Q3 = (v2, p2, p1, v1), and the pentagon

P ′′ = (v2, v3, v4, p1, p2). Let l = −−→v2p2 be the oriented line from v2 to p2. Note that v3

is on the right side of l and the line l. If v4 is also on the right of l, we define p3 to

be the midpoint of the edge v3v4. Otherwise, the line l intersects the edge v3v4, and

we define p3 to be the midpoint of the segment defined by v3 and the intersection

point of l and v3v4 (see Figure B.3(b)). By adding p3 and the edge p2p3 to P ′′,

we obtain a decomposition of P ′′ into two quadrilaterals, Q5 = (v2, v3, p3, p2) and

Q6 = (v4, p1, p2, p3). Since p3 lies on the right side of l, both Q5 and Q6 are strictly

convex quadrilaterals and therefore the set consisting of the convex quadrilaterals

Q1, Q3, Q5 and Q6 is a decomposition of P that uses three Steiner points, two of

which are inside P and the third is on the edge e = v3v4. If e = v4v5 we have the

symmetric case, and hence Claim 3 also holds.

(a) (b)

l

p1

v4

e
p3v3 v3

v2
R2

v1
p1e

v4

v5

p2

v5

v1

v2

p2

Figure B.3: (a) Illustration of Claim 2, and (b) Claim 3 of Lemma B.2.1.

In steps 3(c) and 4(c)(v) of our algorithm in Chapter 3, the subgraph Gv corre-

sponds to a triangular mesh Tv of a pentagon P such that Tv has exactly one vertex q
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inside P (see Figure 3.13). The following lemma is invoked by steps 3(c) and 4(c)(v)

to convert Tv into a partial quadrilateral mesh:

Lemma B.2.2. Let P be a pentagon, q a point in its interior, and e the outgoing

edge of P . Then, P can be decomposed into at most six strictly convex quadrilaterals

and one triangle adjacent to e by inserting at most four Steiner points inside P .

Proof. Let T be any triangular mesh of P such that the vertices of T are the ones

of P . Let T1, T2, and T3 be the three triangles of T , where T2 is the center triangle

and T1 and T3 are the ears. There are two possibilities: The point q belongs to

the triangle containing e, or it does not. In the former case, let ∆ be the triangle

obtained by connecting q to the two endpoints of e. P is thus decomposed into ∆,

which is adjacent to the outgoing edge, and a hexagon H (see Figure B.4(a)). From

Lemma B.1.1, H can be decomposed into at most four strictly convex quadrilaterals

using at most three Steiner points in its interior. Suppose now that q does not belong

to the triangle containing e. If e belongs to T2, decompose P into a triangle ∆ adja-

cent to e and two strictly convex quadrilaterals, as in case (1) of Lemma B.2.1 (see

Figure B.4(b)). One of these quadrilaterals must contain q, which can be decomposed

into five convex quads using three more Steiner points by applying Lemma B.1.2.

Thus, P is decomposed into six strictly convex quadrilaterals and a triangle adjacent

to e by using four Steiner points. If e belongs to T1, let ∆ = T1. Triangles T2 and

T3 form a quadrilateral with a point inside (see Figure B.4(c)), to which we apply

Lemma B.1.2. Thus, P is decomposed into five strictly convex quadrilaterals and a

triangle adjacent to e by using three Steiner points. The case when e belongs to T3

is symmetric.

B.3 Heptagons

In our algorithm in Chapter 3, a polygonal region S bounded by seven edges (hep-

tagon) is obtained when the subtree Tv is a path of five nodes, with the middle node
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as the root of Tv. (This is the only case that results in a heptagon.) Hence, in this

case, the outgoing edge is always the edge of S belonging to the middle node. The

triangular mesh Tv of S also has a center triangle, the triangle corresponding to the

middle node of Tv. This triangle contains only one edge of S, the outgoing one.

Figure B.5 illustrates a triangular mesh of a heptagon whose dual graph is a path of

five nodes.

e

q

e

T3

e
∆

T1 T2

H

T3

∆

T1

T2

T3

∆

T1

q

T2q

(a) (b) (c)

Figure B.4: Illustrations of the possible cases (up to symmetry) of Lemma B.2.2.

1

3

2

3
5

4

1

2

4

5

Figure B.5: Triangular mesh of a heptagon and its dual graph.

Lemma B.3.1. Let S be a heptagon such that S admits a triangular mesh T such

that the vertices of T are the ones of S, and whose dual graph is a path. Let the

edge of S contained in the center triangle of T be the outgoing edge e. Then, S can

be decomposed into six strictly convex quadrilaterals and one triangle adjacent to e

by adding four Steiner points inside S.
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Proof. Let S be a heptagon such that S admits a triangular mesh T such that the

vertices of T are the ones of S, and whose dual graph is a path. Let v1, v2, . . . , v7

be a counterclockwise enumeration of the vertices of S. Without loss of generality,

assume that the center triangle Tc of T is Tc = (v1, v2, v5). So, there are at most

four possibilities for the other four triangles of T , T1, T2, T3 and T4 (see Figure B.6):

(a) T1 = (v5, v3, v4), T2 = (v5, v2, v3), T3 = (v5, v7, v1), and T4 = (v5, v6, v7); (b)

T1 = (v5, v3, v4), T2 = (v5, v2, v3), T3 = (v5, v6, v1), and T4 = (v6, v7, v1); (c) T1 =

(v4, v2, v3), T2 = (v5, v2, v4), T3 = (v5, v7, v1), and T4 = (v5, v6, v7); and (d) T1 =

(v4, v2, v3), T2 = (v5, v2, v4), T3 = (v5, v6, v1), and T4 = (v6, v7, v1). Assume that T
consists of Tc and the four triangles shown in Figure B.6(a). Below, we describe

how to place four Steiner points, p1, p2, p3, and p4, in order to decompose S into six

convex quads and one triangle adjacent to e. The proofs for the other possibilities

are very similar and we omit them here.

(b)
v4

v5

v6

v7

v1v2

v3v3

v2 v1
v7

v6

v5

v4

v4

v5

v1v2

v3

v6

v7

v3

v4

v5

v6

v7

v1v2

(a)

(c) (d)

Figure B.6: All triangular meshes of a heptagon whose dual graphs are paths.
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Let R1 = wedge(v4) ∩ wedge(v1) ∩ T2. Clearly, R1 ⊆ T2, v5 ∈ R1, and the

interior of R1 cannot be empty. Similarly, let R2 be the non-empty region R2 =

wedge(v6)∩wedge(v2)∩ T3. Now, consider the two following cases (see Figure B.7):

(i) v2 ∈ R(v4, v5) and (ii) v2 6∈ R(v4, v5). Recall that R(p, q) (resp. L(p, q)) is

the right (resp. left) open half-space defined by the oriented line from p to q (see

Definition B.2.1). In case (i), because v5v2, v5v1, and v5v7 are edges of T and

v2 6∈ R(v4, v5), the intersection region R1 ∩R(v7, v5) cannot be empty. So, we choose

p1 and p2 to be the barycenters of R1∩R(v7, v5) and R2, respectively. In case (ii), we

choose p1 to be the barycenter of R1, and we calculate the position of p2 as follows:

If v1 ∈ R(v6, v5) then p2 is the barycenter of R2∩L(p1, v5). The region R2∩L(p1, v5)

cannot be empty. Otherwise, the vertex v6 would belong to L(p1, v5) and the vertex

v7 would belong to the complement of L(p1, v5), which is an absurd as v6 ∈ R(v4, v5)

and v4 ∈ R(p1, v5).

R2

R1

v1

v6v4

v5

R1

R2

v2

v3 v3

v5

v6

v7

v1
v2

v4

v7

(ii)

p2

p1

p2
p1

(i)

Figure B.7: Choosing points p1 and p2 when (i) v2 ∈ R(v4, v5) and (ii) v2 6∈ R(v4, v5).

If v1 6∈ R(v6, v5) then p2 is the barycenter of R2 ∩L(v3, v5). Again, R2 ∩L(v3, v5)

cannot be empty as the oriented line −−→v3v5 from v3 to v5 passes through the interior

of wedge(v2) ∩ wedge(v6) and v1 is on the left of −−→v3v5. In both cases (i) and (ii), we

have that p2 ∈ L(p1, v5). Since p1 ∈ T2 and p2 ∈ T3, we have that the oriented lines

l1 = −−→v3p1 and l2 = −−→v7p2 intersect the edges v5v2 of T2 and v5v1 of T3, respectively.
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Besides, since p1 ∈ wedge(v1) and p2 ∈ wedge(v2), the oriented lines l3 = −−→p1v1

and l4 = −−→p2v2 intersect the edges v5v2 of T2 and v5v1 of T3, respectively. If q and r

denote the intersection points of l1 and l3 with v5v2, respectively, then v2, q and r are

collinear, and we define p3 to be the midpoint of v2x, where x = q if q is in between

v2 and r, and x = r otherwise. Similarly, If s and t denote the intersection points of

l2 and l4 with v5v1, respectively, then v1, s and t are collinear, and we choose p4 to

be the midpoint of v1y, where y = s if s is in between v1 and t, and y = t otherwise.

In this way, we have that p3 ∈ L(p1, v1) and p4 ∈ R(p1, v1). Now, by removing edges

v3v5, v2v5, v1v5, and v7v5 from T , and then adding points p1, p2, p3 and p4 and edges

v5p1, p1v3, p1p3, p1v3, v5p2, p2v7, p2p4, p1p4, and p3v1, we obtain a decomposition of S

into six quadrilaterals, Q1 = (v4, v5, p1, v3), Q2 = (v3, p1, p3, v2), Q3 = (p1, v5, p2, p4),

Q4 = (p1, p4, v1, p3), Q5 = (v5, v6, v7, p2), and Q6 = (v7, v1, p4, p2), and one triangle,

T = (p3, v1, v2), as shown in Figure B.8.

v4

v3 p1

v5

v6

v7

p2

p4

v1

p3

v2

Figure B.8: Resulting decomposition from the triangular mesh in Figure B.6(a).

Since p1 and p2 belong to the interior of wedge(v4)∩T2) and wedge(v6)∩T3, respec-

tively, we have that Q1 and Q5 are strictly convex quadrilaterals. Since p3 ∈ L(v3, p1)

and p4 ∈ R(v7, p2), we get that Q2 and Q6 are also strictly convex quadrilaterals.

Since p2 ∈ L(p1, v5), p2 ∈ R(v5, v1), p1 ∈ L(v5, v1), p4 ∈ L(p1, p2), and p4 is a point on

v5v1, we get that Q3 is a strictly convex quadrilateral. Finally, because p3 ∈ L(p1, v1),

p4 ∈ R(p1, v1), p3 is a point on v5v2, and p4 is a point on v5v1, we get that Q4 is also

214



a strictly convex quadrilateral. Thus, our claim holds when T1, T2, T3 and T4 are

the triangles corresponding to possibility (a).
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